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ABSTRACT: We provide an extensive and general investigation of the effects on industry 
performance (profits and social welfare) of exogenously changing the number of firms in a 
Cournot framework. This amounts to an in-depth exploration of the well-known trade-off 
between competition and production efficiency. We establish that under scale economies, 
welfare is maximized by a finite number of firms. Our results shed light on several 
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analytical approach combines simplicity with generality. 
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 41 Lqwurgxfwlrq
Wkhuh kdv ehhq d ulfk dqg lqvljkwixo ghedwh lq lqgxvwuldo rujdql}dwlrq derxw wkh zhoiduh dqg
surwdelolw| hhfwv ri lqfuhdvlqj wkh qxpehu ri upv lq dq lqgxvwu|1 Zkloh pdq| frpsoh{
idfhwv ri wklv ixqgdphqwdo lvvxh uhpdlq sduwo| xqvhwwohg/ wkh edvlf frpsurplvh dw zrun lv
zhoo0nqrzq/ wkrxjk vwloo d vrxufh ri pdmru frqwuryhuv| erwk dprqj dfdghplfv dqg dqwlwuxvw
sudfwlwlrqhuv4 1 Rq wkh rqh kdqg/ frqyhqwlrqdo lqwxlwlrq  vrphwlphv zurqjo|  krogv wkdw
lqfuhdvlqj wkh qxpehu ri upv uhgxfhv prqrsro| srzhu dqg doorzv forvhu dssur{lpdwlrq
ri wkh frpshwlwlyh lghdo1 Rq wkh rwkhu kdqg/ lqfuhdvlqj wkh qxpehu ri upv pd| uhvxow lq
uhgxfhg delolw| wr wdnh dgydqwdjh ri vfdoh hfrqrplhv1
Wkh uhodwlrqvkls ehwzhhq frqfhqwudwlrq dqg surw udwhv kdv ehhq rqh ri wkh prvw dfwlyh
uhvhdufk duhdv lq hpslulfdo lqgxvwuldo rujdql}dwlrq +h1j1 Pxhoohu/ 4<;9,1 Zkloh frqyhqwlrqdo
lqwxlwlrq krogv wkdw shu0up surw pxvw ghfolqh zlwk wkh qxpehu ri upv/ lqwhudfwlrq eh0
wzhhq wkhruhwlfdo dqg hpslulfdo zrun kdv ryhu wkh |hduv xqfryhuhg wkh srwhqwldo uroh ri vhyhudo
lqwhu0uhodwhg idfwruv/ lqfoxglqj srwhqwldo frooxvlrq/ hdvh ri hqwu|/ dqg phujhu srolf|1 Wkh lp0
sruwdqfh ri vfdoh hfrqrplhv kdv ehhq vwuhvvhg hduo| rq wr dujxh djdlqvw dqwlwuxvw0pdqgdwhg
euhdn0xsv ri odujh upv dqg iru d odlvvhu0idluh srolf| +h1j1 Ghpvhw}/ 4<:6,1
Wkh zhoiduh lpsolfdwlrqv ri pdunhw vwuxfwxuh kdyh ehhq surplqhqw lq wkh hduo| ehjlqqlqj
ri wkh hog/ Edlq +4<89,1 Wkh xqtxhvwlrqhg ylhz wkhq zdv wkdw eduulhuv wr hqwu| duh uhvsrq0
vleoh iru wkh suhvhqfh ri lpshuihfw frpshwlwlrq/ zklfk lq wxuq uhvxowv lq vl}deoh zhoiduh orvvhv1
Wkh eholhi wkdw sxeolf srolf| pxvw fruuhfw iru wklv lpshuihfwlrq e| uhprylqj eduulhuv wr hq0
wu| dqg srvvleo| vxevlgl}lqj hqwu| kdg grplqdwhg wkh surihvvlrq dqg shuvlvwhg xqwlo txlwh
uhfhqwo|1 Shufhswlyh zrun e| yrq Zhlv}dfnhu +4<;3,/ Shuu| +4<;7,/ Pdqnlz dqg Zklqvwrq
+4<;9, dqg Vx}xpxud dqg Nl|rqr +4<;:, ghprqvwudwhg wkdw wklv ylhz zdv ixqgdphqwdoo|
loo0irxqghg e| vkrzlqj wkdw li upv* frqgxfw lv qrw vxemhfw wr uhjxodwlrq/ wkhq iuhh hqwu|
uhvxowv lq dq h{fhvvlyh +hqgrjhqrxv, qxpehu ri upv uhodwlyh wr d vrfldo rswlpxp1
Rqfh wkh h{lvwhqfh ri wkh wudgh0r ehwzhhq wkh ehqhwv ri frpshwlwlrq dqg wkh frvw0
vdylqjv ri surgxfwlrq vfdoh lv hvwdeolvkhg/ wkh pdlq lvvxh ehfrphv odujho| hpslulfdo1 Lqghhg/
wkh hpslulfdo olwhudwxuh rq wkh vxemhfw lv h{whqvlyh/ wkrxjk vrphzkdw rxwgdwhg e| qrz1
4 Wkh fxuuhqw Plfurvriw fdvh lv d wlpho| uhplqghu ri wkh lpsruwdqfh ri wklv lvvxh/ doehlw zlwk d uhodwlyho|
qhz nh| glphqvlrq= Qhwzrun h￿hfwv1
4Vhyhudo vwxglhv lq Jrogvfkplg/ Pdqq dqg Zhvwrq +4<:7, surylgh hpslulfdo hylghqfh dqg d
jhqhudo ghedwh rq wklv frqwuryhuvldo lvvxh1 Iru lqvwdqfh/ Vkhuhu +4<:7, frqfoxghv rq wkh edvlv
ri d ghwdlohg hpslulfdo vwxg| ri wzhoyh pdqxidfwxulqj lqgxvwulhv wkdw wkh hylghqfh surylghv
olwwoh vxssruw iru wkh frqmhfwxuh wkdw frqfhqwudwlrq lv wkh uhvxow ri d uhdol}dwlrq ri vfdoh
hfrqrplhv1 Rq wkh rwkhu kdqg/ klv qglqjv duh frqwuryhuvldo +h1j1 Eur}hq/ 4<:6,1
Wkh suhvhqw sdshu rhuv d wkrurxjk wkhruhwlfdo lqyhvwljdwlrq ri wkh hhfwv rq lqgxvwu|
surwv dqg vrfldo zhoiduh ri h{rjhqrxvo| lqfuhdvlqj wkh qxpehu ri upv lq d Frxuqrw lqgxvwu|
frpsrvhg ri lghqwlfdo upv1 Jlyhq wkh lpsruwdqfh wkdw wkhvh lvvxhv kdyh iru d iuhh pdunhw
vrflhw|/ wkh uhvxowv suhvhqwhg khuh zrxog eh d suh0uhtxlvlwh wr dq| prghuq hpslulfdo zrun ru
irupxodwlrq ri sxeolf srolf| ghdolqj zlwk pdunhw vwuxfwxuh dqg vrfldo zhoiduh1
Dq h{whqvlyh roghu olwhudwxuh dgguhvvhv wkh uhodwhg txhvwlrqv ri wkh hhfwv ri wkh qxpehu
ri upv rq lqgxvwu| sulfh dqg rxwsxw ohyhov/ h1j1 Ux!q +4<:6, dqg Vhdgh +4<;3,5 1\ h w /w r
wkh ehvw ri rxu nqrzohgjh/ qr v|vwhpdwlf wkhruhwlfdo dqdo|vlv ri lqgxvwu| surwv dqg vrfldo
zhoiduh kdv ehhq frqgxfwhg zlwk dq h{rjhqrxv qxpehu ri upv1
Dq lpsruwdqw dvshfw ri wkh sdshu/ iurp d phwkrgrorjlfdo ylhzsrlqw/ lv lwv uholdqfh rq wkh
qhz odwwlfh0wkhruhwlf frpsdudwlyh vwdwlfv dssurdfk1 Zh exlog gluhfwo| rq Dplu dqg Odpevrq
+5333, zkr xvh wklv vdph iudphzrun wr dqdo|vh sulfh dqg rxwsxw hhfwv1 Wkh| ghulyh wzr
pdlq uhvxowv1 Wkh uvw rqh lv wkdw lqgxvwu| sulfh idoov +lqfuhdvhv, zlwk wkh qxpehu ri upv
li d up*v uhvlgxdo lqyhuvh ghpdqg ghfolqhv vorzhu +idvwhu, wkdq lwv pdujlqdo frvw/ joredoo|16
Wklv lv wkh vr0fdoohg surshuw| ri txdvl0frpshwlwlyhqhvv +txdvl0dqwlfrpshwlwlyhqhvv,1 Vwurqj
vfdoh hfrqrplhv duh uhtxluhg iru ghpdqg wr ghfolqh vorzhu wkdq pdujlqdo frvw/ dqg ohdg wr
wkh frxqwhulqwxlwlyh rxwfrph rq sulfh1 Wkh vhfrqg uhvxow lv wkdw shu0up surw idoov zlwk
w k hq x p e h ur i u p vl qe r w kf d v h v 1
D frpsohphqwdu| phwkrgrorjlfdo ihdwxuh lv rxu uholdqfh rq wljkw looxvwudwlyh h{dpsohv1
Wkhvh vhuyh d gxdo sxusrvh1 Iluvw/ wkh| frqup wkdw wkh jlyhq vx!flhqw frqglwlrqv duh/ lq
vrph vhqvh/ fulwlfdo wr wkh uhvxowlqj frqfoxvlrqv1 Vhfrqg/ wkh| looxvwudwh lq d pruh dffhvvleoh
pdqqhu wkh lqwhudfwlrq ehwzhhq wkh ydulrxv hhfwv dw zrun lq wkh frpsdudwlyh vwdwlfv dw
kdqg1 Lq sduwlfxodu/ zh suhvhqw d Pdlq H{dpsoh +Vhfwlrq 6, zklfk lv d eoxhsulqw iru wkh hqwluh
5 Vhh dovr Iudqn +4<:6,/ Rnxjxfkl +4<:6, dqg Qryvkhn +4<;3,/ dprqj rwkhuv1
6 Wklv vkdus lqwxlwlrq ehklqg pdq| ri rxu pdlq frqfoxvlrq lv rqo| srvvleoh zlwk wkh odwlfh0wkhruhwlf dssurdfk1
Lq suhylrxv zrun/ rwkhu phwkrg0lpsrvhg dvvxpswlrqv/ vxfk dv frqfdyh sur￿wv dqg ghfuhdvlqj pdujlqdo
uhyhqxh/ suhyhqwhg vxfk vlpsoh dqg fohdu0fxw hfrqrplf lqwhusuhwdwlrqv edvhg rqo| rq fulwlfdo dvvxpswlrqv1
5sdshu/ lq wkdw prvw hhfwv ri lqwhuhvw fdq eh fdswxuhg e| ydu|lqj wkh H{dpsoh sdudphwhuv1
Wklv h{dpsoh fdq vhuyh dv d shgdjrjlfdo wrro wr frqyh| wkh pdlq lghdv ri wkh sdshu lq d
vlpsoh dqg lqwxlwlyh iudphzrun wr xqghujudgxdwh vwxghqwv ru srolf| sudfwlwlrqhuv1
Iru lqgxvwu| shuirupdqfh frpsdulvrqv +Vhfwlrq 7,/ wkh txdvl0frpshwlwlyh fdvh kdv wzr
fohdu0fxw zhoiduh uhvxowv wkdw duh lqghshqghqw ri wkh qdwxuh ri uhwxuqv wr vfdoh= zhoiduh
lqfuhdvhv lq wkh qxpehu ri upv zkhqhyhu shu0up rxwsxw grhv/ dqg lq fdvh ri pxowlsoh
htxloleuld/ wkh pd{lpdo rxwsxw htxloleulxp lv wkh vrfldo0zhoiduh pd{lpl}lqj htxloleulxp1 Wkh
odwwhu uhvxow ylqglfdwhv wkh vxsuhpdf| ri frqvxphu zhoiduh ryhu surgxfhu zhoiduh1 Rwkhuzlvh/
wklv fdvh jlyhv ulvh wr wzr vxefdvhv/ ghshqglqj rq wkh uhwxuqv wr vfdoh lq surgxfwlrq1 Lq wkh
suhvhqfh ri hfrqrplhv ri vfdoh/ lqgxvwu| surwv duh vkrzq wr joredoo| ghfolqh zlwk wkh qxpehu
ri upv/ zkloh vrfldo zhoiduh lv jhqhudoo| qrw prqrwrqlf1 Pruh suhflvho|/ zh dujxh wkdw wkh
voljkwhvw dprxqw ri vfdoh hfrqrplhv ohdgv wr zhoiduh ehlqj ghfuhdvlqj dw vx!flhqwo| kljk
qxpehu ri upv1 Lqyhuvho|/ xqghu glvhfrqrplhv ri vfdoh/ vrfldo zhoiduh lv joredoo| lqfuhdvlqj
lq wkh qxpehu ri upv/ zkloh lqgxvwu| surwv h{klelw d whqghqf| wr lqlwldoo| lqfuhdvh lq
wkh qxpehu ri upv +wuhdwhg dv d uhdo qxpehu,/ vwduwlqj dw prqrsro| ohyho1 +Zkhwkhu wklv
whqghqf| ohdgv wr gxrsro|/ vd|/ kdylqj kljkhu wrwdo surw wkdq prqrsro| ghshqgv rq wkh
pdjqlwxgh ri wkh uhwxuqv,1 Dv dq lpsruwdqw fruroodu| ri wkh wzr prqrwrqlflw| uhvxowv deryh/
xqghu frqvwdqw uhwxuqv wr vfdoh/ erwk frqyhqwlrqdo eholhiv lqghhg krog= Lqgxvwu| surwv idoo
dqg vrfldo zhoiduh lqfuhdvhv zlwk wkh qxpehu ri upv1
Iru wkh txdvl0dqwlfrpshwlwlyh fdvh/ prqrsro| dozd|v ohdgv wr wkh kljkhvw srvvleoh lqgxv0
wu| surwv/ zlwk wklv ehlqj wkh rqo| fohdu uhvxow rq lqgxvwu| surwv17 Rq wkh rwkhu kdqg/
wkh zhoiduh rxwfrph lv xqdpeljxrxv= Vrfldo zhoiduh dozd|v ghfuhdvhv lq wkh qxpehu ri upv1
Lq wklv fdvh wkhuh duh vwurqj hqrxjk vfdoh hfrqrplhv wr ryhufrph doo rwkhu frqvlghudwlrqv1
Rxu frqfoxvlrqv surylgh d suhflvh wkhruhwlfdo irxqgdwlrq iru lqwxlwlyh eholhiv derxw wkh
qhhg iru d wudgh0r ehwzhhq wkh ehqhwv ri irvwhulqj lqfuhdvhg frpshwlwlrq dqg wkh delolw|
ri upv wr h{sorlw vfdoh hfrqrplhv1 Wkh frqfoxvlrqv duh dovr ixoo| frqjuxhqw zlwk vrph
fodvvlfdo uhvxowv lq sduwldo htxloleulxp dqdo|vlv1 Lw lv zhoo0nqrzq +Ux!q/ 4<:6, wkdw/ xqghu
txdvl0frpshwlwlyhqhvv/ Frxuqrw htxloleuld frqyhujh wr shuihfwo| frpshwlwlyh htxloleuld zkhq
dyhudjh frvw lv qrqghfuhdvlqj/ dqg wkdw wklv vdph frqyhujhqfh idlov zkhq dyhudjh frvw lv
7 Zh surylgh dq lqirupdo dujxphqw vkrzlqj wkdw/ iru lqwhuphgldwh pdunhw vwuxfwxuhv/ wkh frvw dqg uhyhqxh
h￿hfwv pryh lq frq lfwlqj gluhfwlrqv/ wkh odwwhu lq d frxqwhulqwxlwlyh zd|11
6qrqlqfuhdvlqj1 Rxu uhvxowv vkrz wkdw zhoiduh lv prqrwrqlfdoo| lqfuhdvlqj lq wkh iruphu fdvh
+wkxv frqyhujlqj wr uvw0ehvw zhoiduh,/ exw qrw lq wkh odwwhu1 Dovr vhh Qryvkhn +4<;3,1
Wkh uhvxowv suhvhqwhg khuh pd| dovr eh lqyrnhg wr looxplqdwh d qxpehu ri lpsruwdqw
wkhruhwlfdo dqg sxeolf srolf| ghedwhv= Vhh Vhfwlrq 8 zkhuh vrph lpsruwdqw fruroodulhv ri rxu
uhvxowv duh suhvhqwhg lq ydulrxv dssolfdwlrqv1 Wkh uvw ri wkhvh frqfhuqv wkh uhodwlrqvkls
ehwzhhq Frxuqrw dqg shuihfwo| frpshwlwlyh htxloleuld/ dv ghvfulehg deryh1
Wkh vhfrqg srlqw ghdov zlwk wkh frpsdulvrq ri hqgrjhqrxv frqfhqwudwlrq ohyhov suhydlolqj
xqghu iuhh dqg uvw dqg vhfrqg0ehvw vrfldoo| rswlpdo hqwu|1 Pdqnlz dqg Zklqvwrq +4<;9,
dqg Vx}xpxud dqg Nl|rqr +4<;:, vkrz wkdw wkh rog eholhi wkdw iuhh hqwu| ohdgv wr vrfldoo|
wrr ihz upv lv lqydolg xqghu jhqhudo frqglwlrqv1 Rxu uhvxowv surylgh vlpsoh exw lpsruwdqw
lqvljkwv lqwr wklv lpsruwdqw lvvxh lq dgglwlrq wr foduli|lqj wkh odwwhu dxwkruv* frqfoxvlrqv rq
wkh frpsdulvrq ehwzhhq iuhh dqg uvw ehvw hqwu|1
Wkh wklug srlqw dgguhvvhv wkh h{whqvlyh xvh pdgh e| dqwlwuxvw dxwkrulwlhv ri wkh Khuqgdko0
Kluvfkpdq lqgh{ ri frqfhqwudwlrq xqghu wkh suhvxpswlrq wkdw wkh Lqgh{ lv d jrrg lqyhuvh
phdvxuh ri vrfldo zhoiduh1 Uhfhqw wkhruhwlfdo zrun vkrzhg wkdw zlwk d frqvwdqw qxpehu ri
upv/ dq| rxwsxw wudqvihuv dfurvv upv wkdw ohdyh sulfh xqfkdqjhg pxvw fdxvh wkh Lqgh{
dqg vrfldo zhoiduh wr pryh lq wkh vdph gluhfwlrq/ Iduuhoo dqg Vkdslur +4<<3, dqg Vdodqw dqg
Vkdhu +4<<<,1 Zh frpsohphqw wklv lqvljkw e| wkh revhuydwlrq wkdw zlwk vfdoh hfrqrplhv
dqg d ydu|lqj qxpehu ri upv/ erwk wkh Lqgh{ dqg zhoiduh ghfuhdvh zlwk wkh qxpehu ri
upv/ zkhq wkh odwwhu lv odujhu wkdq d wkuhvkkrog ohyho/ zklfk pd| eh rqh1
Wkh irxuwk srlqw frqvlghuv wkh orqj0vwdqglqj frqfhqwudwlrq2surwdelolw| ghedwh/ dqg uh0
odwhv rxu uhvxowv wr wkh lqfrqfoxvlyh hylghqfh xqfryhuhg ryhu wkh |hduv rq wklv nh| lvvxh1 Lq
sduwlfxodu/ lq fdvhv zkhuh iuhh hqwu| ohdgv wr d frpsohwho| lqghwhuplqdwh qxpehu ri upv
+wkh txdvl0dqwlfrpshwlwlyh fdvh, ru wr pxowlsoh htxloleuld zlwk d jlyhq qxpehu ri upv/ dq|
phdqlqjixo fruuhodwlrq ehwzhhq lqgxvwu| fkdudfwhulvwlfv dqg surwv lv xqolnho|1
Wkh iwk srlqw lghqwlhv wkh Frxuqrw prgho lq wkh txdvl0dqwlfrpshwlwlyh fdvh dv dq
dssursuldwh iudphzrun iru prghoolqj wkh rog frqfhsw ri ghvwuxfwlyh frpshwlwlrq1 Lqghhg/
wkhuh lv dq h{fhoohqw pdwfk ehwzhhq wkh wkhruhwlfdo suhglfwlrqv ri wkh prgho lq wkdw fdvh dqg
wkh vw|olvhg idfwv frpprqo| dvvrfldwhg zlwk ghvwuxfwlyh frpshwlwlrq +Vkdunh|/ 4<;5,1
Wkh vl{wk srlqw sursrvhv wr ghqh qdwxudo +xquhjxodwhg, prqrsro| dv dq lqgxvwu| zkhuh
7wkh vrfldoo| rswlpdo qxpehu ri upv lv rqh/ dv rssrvhg wr wkh rog ghqlwlrq ri +uhjxodwhg,
qdwxudo prqrsro| edvhg rq wkh lqdelolw| wr lpsuryh rq frvwv e| vxeglylglqj surgxfwlrq/
d sxuho| surgxfwlrq0edvhg fulwhulrq1 Wklv qhz ghqlwlrq fohduo| edodqfhv wkh pdunhw dqg
surgxfwlrq vlghv/ dqg lv pruh dssursuldwh lq wkh devhqfh ri uhjxodwlrq dqg frqwhvwdelolw|1
Doo wkhvh dssolfdwlrqv hpskdvl}h wkh uroh ri vfdoh hfrqrplhv lq hqjhqghulqj d wudgh0r
ehwzhhq wkh pdunhw hhfw dqg wkh surgxfwlrq h!flhqf| hhfw1 Wkh| frqyh| wkh vhqvh wkdw
rxu vlpsoh uhvxowv irup d suh0uhtxlvlwh iru d wkrurxjk xqghuvwdqglqj ri wkh lvvxhv suhvhqwhg1
51 Wkh Prgho
Wkh ixqgdphqwdo txhvwlrqv xqghu lqyhvwljdwlrq khuh fdq eh vlpso| skudvhg dv iroorzv= Krz
gr wrwdo htxloleulxp rxwsxw +dqg khqfh lqgxvwu| sulfh,/ shu0up surw/ lqgxvwu| surw dqg
vrfldo zhoiduh ydu| zlwk wkh h{rjhqrxvo| jlyhq qxpehu ri upv lq wkh lqgxvwu|B Zh frqvlghu
wkhvh ixqgdphqwdo txhvwlrqv lq wkh iudphzrun ri htxloleulxp frpsdulvrqv +dv lq Plojurp
dqg Urehuwv/ 4<<7,/ wkh h{rjhqrxv sdudphwhu ehlqj wkh lqwhjhu qxpehu ri upv1
Zh ehjlq zlwk wkh edvlf qrwdwlrq1 Ohw  G -n $ -n eh wkh lqyhuvh ghpdqg ixqfwlrq/
 G -n $ -n w k h+ f r p p r q ,f r v wi x q f w l r q /G- n$- nwkh dyhudjh frvw ixqfwlrq/ dqg ?
w k hq x p e h ur i u p vl qw k hl q g x v w u | 1O h w%ghqrwh wkh rxwsxw ri wkh up xqghu frqvlghudwlrq/
+ wkh wrwdo rxwsxw iru wkh rwkhu +?  , u p v /d q g5wkh fxpxodwlyh lqgxvwu| rxwsxw/ l1h1/
5 ' %n+1 Dw htxloleulxp/ wkhvh txdqwlwlhv zloo eh lqgh{hg e| wkh xqghuo|lqj qxpehu ri upv
? Zh h{solflwo| ghdo zlwk wkh +srvvleoh, qrqxqltxhqhvv ri Frxuqrw htxloleuld e| frqvlghulqj
h{wuhpdo htxloleuld1 Ghqrwh wkh pd{lpdo dqg plqlpdo srlqwv ri dq| htxloleulxp vhw e| dq
xsshu dqg d orzhu edu/ uhvshfwlyho|1 Wkxv/ iru lqvwdqfh/ 5? dqg 5? duh wkh kljkhvw dqg orzhvw
wrwdo htxloleulxp rxwsxwv/ zlwk fruuhvsrqglqj htxloleulxp sulfhv R
? dqg R?/ uhvshfwlyho|1
Shuiruplqj frpsdudwlyh vwdwlfv rq htxloleulxp vhwv zloo frqvlvw ri suhglfwlqj wkh gluhfwlrq ri
fkdqjh ri wkhvh h{wuhpdo hohphqwv dv wkh h{rjhqrxv sdudphwhu ydulhv1
Wkh surw ixqfwlrq ri wkh up xqghu frqvlghudwlrq lv
E%c+'% E% n +   E% +4,
Dowhuqdwlyho|/ rqh pd| wklqn ri wkh up dv fkrrvlqj wrwdo rxwsxw 5 ' % n +/j l y h qw k h
8rwkhu upv* fxpxodwlyh rxwsxw +/ lq zklfk fdvh lwv surw lv jlyhq e|
h E5c+'E 5+c+'E 5+ E 5 E 5+  +5,





E5  + +6,
Qrwh wkdw erwk h  dqg 7 d u hg h  q h gr qw k hv h w)
2 'i E 5c+G+f c5+j1
Wkh iroorzlqj Vwdqgdug Dvvxpswlrqv duh lq hhfw wkurxjkrxw wkh sdshu=
+D4,  E lv frqwlqxrxvo| glhuhqwldeoh dqg 
￿ E 	 f
+D5,  E lv wzlfh frqwlqxrxvo| glhuhqwldeoh dqg 
￿ E : f
+D6, Wkhuh h{lvwv e %:fvxfk wkdw  E% 	 E % iru doo %:e %
Dowkrxjk frqyhqlhqw/ wkh vprrwkqhvv dvvxpswlrqv duh e| qr phdqv qhfhvvdu| iru rxu pdlq
uhvxowv1 +D6, vlpso| jxdudqwhhv wkdw wkdw d up*v uhdfwlrq fxuyh hyhqwxdoo| frlqflghv zlwk
wkh krul}rqwdo d{lv/ vr wkdw d up*v hhfwlyh rxwsxwv/ dqg wkxv doo Frxuqrw htxloleulxp
rxwsxwv/ duh erxqghg e| vrph frqvwdqw/ vd| g /i r ud o o? 1
Wkh txdolwdwlyh qdwxuh ri prvw ri rxu uhvxowv klqjhv hqwluho| rq wkh joredo vljq ri {/v r
wkdw zh zloo glvwlqjxlvk wzr pdlq fdvhv= { : f dqg { 	 f Zkhq { : f joredoo|/ wkhuh zloo
eh wzr vxefdvhv ri lqwhuhvw ghshqglqj rq wkh uhwxuqv wr vfdoh/ ru wkh vorsh ri wkh dyhudjh
frvw fxuyh1 Wklv glylvlrq lv douhdg| dssduhqw lq wkh xsfrplqj h{dpsoh/ zklfk pd| vhuyh dv
d eoxhsulqw iru wkh hqwluh sdshu1
61 Uhwxuqv wr Vfdoh/ Frqfhqwudwlrq dqg Lqgxvwu| Shuirupdqfh=
Wkh Pdlq H{dpsoh
Zh qrz frqvlghu d vlpsoh h{dpsoh wkdw surylghv dq h{fhoohqw dqg wkrurxjk ryhuylhz ri
prvw ri wkh uhvxowv ghulyhg lq wklv sdshu18 Dv d sdudphwhu fdswxulqj wkh uhwxuqv wr vfdoh
lv ydulhg/ wkh h{dpsoh fdq w wkh wzr pdmru fdvhv ri dqdo|vlv ri wkh jhqhudo prgho= { 	 f
dqg { : f1 Lq wkh odwwhu fdvh/ wkh h{dpsoh fdq dovr fdswxuh wkh wzr vxefdvhv ri lqwhuhvw=
hfrqrplhv ru glvhfrqrplhv ri vfdoh9 1 Lq dgglwlrq/ wklv h{dpsoh zloo dovr eh lqyrnhg odwhu rq
8 Wklv h{dpsoh zrxog eh yhu| dssursuldwh iru wkh sxusrvh ri suhvhqwlqj lq d yhu| hohphqwdu| iudphzrun wkh
hvvhqwldov ri wkh dqdo|vlv wr xqghujudgxdwh vwxghqwv ru hfrqrplf sudfwlwlrqhuv1
9 Wklv vshfl￿fdwlrq ri wkh ghpdqg dqg frvw ixqfwlrqv zlwk wkh ixuwkhu uhvwulfwlrq wkdw g?3kdv douhdg|
ehhq frqvlghuhg zlwk gl￿huhqw prwlydwlrqv lq Fr{ dqg Zdonhu +4<<;, dqg g*Dvsuhprqw/ Jhudug0Yduhw dqg
Grv0Vdqwrv0Ihuuhlud +5333,1 Qhlwkhu vwxg| ghdov zlwk wkh pdlq lvvxhv xqghu frqvlghudwlrq khuh/ qdpho|
lqgxvwu| sur￿wv dqg vrfldo zhoiduh1
9wr jdlq ixuwkhu lqvljkw lqwr wkh wljkwqhvv ri wkh frqglwlrqv ehklqg rxu jhqhudo uhvxowv1
Ohw wkh lqyhuvh ghpdqg eh olqhdu dqg wkh frvw ixqfwlrq eh txdgudwlf/ l1h1/
E5'@K5 dqg E%'S% n _%
2 +7,
zlwk wkh dvvxpswlrq wkurxjkrxw wkdw @:S:fcK:fcKn_:f
Vlqfh E%'Sn_%/ uhwxuqv wr vfdoh duh lqfuhdvlqj +ghfuhdvlqj, li _	E : f1W k x v_lv
rxu uhwxuqv wr vfdoh sdudphwhu/ nh| wr pdq| uhvxowv ehorz1 Ixuwkhupruh +fi1 +6,,
{'Kn2 _Ufli _ U K*2 +8,
Wkh uhdfwlrq ixqfwlrq lv dozd|v olqhdu +zkhq vwulfwo| srvlwlyh, dqg jlyhq e| oE+'
@ 3 S 3 K+
2EKn_￿ 
Wkxv iru dq| qxpehu ri upv ? wkhuh lv dozd|v d xqltxh v|pphwulf Frxuqrw htxloleulxp1
Rplwwlqj vrph ohqjwk| fdofxodwlrqv +lqfoxglqj vroylqj iru wkh v|pphwulf Frxuqrw htxloleulxp




KE? n n2 _
/Z ?'
E Kn_ E@  S2
dKE? n n2 _ o 2 /` ?'
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oE@  S2
2dKE? n n2 _ o 2 +9,
Ixuwkhupruh/ li _: K*2 +ru { : f/ wkh vorsh ri wkh uhdfwlrq fxuyh lq odujhu wkdq  dqg
wkh v|pphwulf htxloleulxp lv wkh xqltxh htxloleulxp1 Lw lv dovr joredoo| vwdeoh lq wkh vhqvh
wkdw ehvw0uhso| Frxuqrw g|qdplfv frqyhujhv wr wklv htxloleulxp/ iurp dq| lqlwldo rxwsxwv1
Rq wkh rwkhu kdqg/ li _	 K*2 +ru { 	 f/ wkh vorsh ri wkh uhdfwlrq fxuyh lv vpdoohu
wkdq c vr wkdw oE+ ghfuhdvhv vwhhso| dqg lv htxdo wr f zkhq +  E@S*K 1 Frqvhtxhqwo|/
wkhuh duh vhyhudo rwkhu Frxuqrw htxloleuld/ dqg wkh| fdq eh fkdudfwhul}hg dv iroorzv1 Zlwk
? ehlqj wkh wrwdo qxpehu ri upv lq wkh lqgxvwu|/ li dq| 6 upv +zlwk 6	? surgxfh wkh
rxwsxw %6 hdfk +jlyhq lq +9,,/ dqg wkh uhpdlqlqj ?6 upv surgxfh qrwklqj/ wkh uhvxowlqj
rxwsxw frqjxudwlrq lv fohduo| d Frxuqrw htxloleulxp1: Iru wkh ?0up roljrsro|/ wkh xqltxh
v|pphwulf htxloleulxp +zlwk doo upv dfwlyh, lv xqvwdeoh lq wkh vhqvh wkdw ehvw0uhso| Frxuqrw
g|qdplfv glyhujh dzd| iurp lw +Vhdgh/ 4<;3,1
Lw fdq eh yhulhg wkdw
: Wr vhh wklv/ revhuyh wkdw u+p{p,@3 / vlqfh p{p ￿ +d￿f,@e/ dv fdq eh hdvlo| fkhfnhg1 Lq sduwlfxodu/ li dq|
rqh ￿up surgxfhv wkh rswlpdo prqrsro| rxwsxw {4 @+ d￿f , @ + e.5 g , / dqg doo wkh rwkhuv surgxfh qrwklqj/
zh kdyh d Frxuqrw htxloleulxp1 Djdlq/ wklv iroorzv iurp u+{4,@3vlqfh {4 ￿ +d ￿ f,@e/d q g{ 4@u +3,
fohduo|1 Jlyhq wkh olqhdulw| ri wkh uhdfwlrq fxuyh khuh/ wklv lv hdv| wr vhh judsklfdoo|1
:+l, shu0up rxwsxw %? lv dozd|v ghfuhdvlqj lq ? +fi1 Sursrvlwlrq 4e,1
+ll, lqgxvwu| rxwsxw 5? ' ?%? lv lqfuhdvlqj lq ? li _: K*2 +ru { : f dqg ghfuhdvlqj lq ?
li _	 K*2 +ru { 	 f +fi1 Sursrvlwlrqv 4d dqg 5d,1;
+lll, shu0up surw Z? lv dozd|v ghfuhdvlqj lq ? +fi1 Sursrvlwlrqv 4f dqg 5f,1
Lw uhpdlqv wr dqdo|vh wkh hhfwv ri ? rq lqgxvwu| surwv dqg vrfldo zhoiduh1 Lw lv frqyhqlhqw
khuh wr wuhdw wkh qxpehu ri upv dv d uhdo yduldeoh1 Iru lqgxvwu| surwv/ zh kdyh +zlwk wkh
frpsxwdwlrqdo ghwdlov ohiw rxw,
YE?Z?
Y?
W f li dqg rqo| li ? V n2 _*K +:,
Khuh/ wkhuh duh wzr vhsdudwh fdvhv ri lqwhuhvw=
+l, _	fGWkhq lqgxvwu| surwv dozd|v ghfuhdvh zlwk wkh qxpehu ri upv/ zlwk lq sduwlfxodu
prqrsro| kdylqj wkh odujhvw lqgxvwu| surw1
+ll, _:fGWkhq h ? 'n2 _*K pd{lpl}hv lqgxvwu| surwv/ zklfk wkxv lqfuhdvh lq ? zkhq
?	h ?dqg ghfuhdvh lq ? zkhq ?:h ? /v w d u w l q ji u r pd q |j l y h q? 1R e v h u y hw k d wl i_*K 	 *2/
wkhq  	 h ?	2 Khqfh/ lq sduwlfxodu/ li h ? '+l1h1 prqrsro| lv wkh pdunhw vwuxfwxuh wkdw
pd{lpl}hv wrwdo surwv,/ lqgxvwu| surwv zrxog eh joredoo| ghfuhdvlqj lq q1 Exw li _ lv odujh
hqrxjk/ l1h1/ li wkhuh duh vx!flhqwo| kljk uhwxuqv wr vfdoh/ lqgxvwu| surwv zloo eh ulvlqj lq ?
lqlwldoo|/ doo wkh zd| wr h ? zklfk pd| eh d odujh qxpehu ri upv/ exw lqgxvwu| surwv dozd|v
hyhqwxdoo| ghfuhdvh lq ? +l1h1/ iru ?:h ? 1,
Iru vrfldo zhoiduh/ rqh fdq hdvlo| yhuli| wkdw
Y`?
Y?
W f li dqg rqo| li ?K_ W EK n _EK n2 _  +;,
Djdlq/ wkhuh duh wzr vhsdudwh fdvhv ri lqwhuhvw=
+d, { 	 f l _	 K*2= Zhoiduh dozd|v ghfuhdvhv zlwk ? +fi1 Sursrvlwlrq 431,
+e, { : f l _: K*2= Khuh/ wkhuh duh wzr glhuhqw vxefdvhv ri lqwhuhvw1
+l, _:f= zhoiduh dozd|v lqfuhdvhv lq ? +fi1 Sursrvlwlrq 91,
+ll, li K*2 	_	f / wkhq zhoiduh lv pd{lpl}hg dw ?W ' EKn_EKn2_*K_ /l q f u h d v h vl q
?iru ?	? Wdqg ghfuhdvhv lq ? iru ?:? W+fi1 Sursrvlwlrq ;,1 Revhuyh wkdw wklv vwdwhphqw
; Wkh lqwxlwlrq ehklqg wkh frxqwhu0lqwxlwlyh fdvh ￿ ? 3 lv wkdw zlwk pruh frpshwlwlrq/ hdfk ￿up orzhuv
rxwsxw gudvwlfdoo| vlqfh u3+|, ? ￿4/ wkhuhe| prylqj xs lwv vwhhso| ghfolqlqj dyhudjh frvw fxuyh1 Wkh uhvxowlqj
h!flhqf| orvv lv odujh hqrxjk wr ryhufrph wkh grzqzdug suhvvxuh rq sulfh hqjhqghuhg e| wkh lqfuhdvh lq
frpshwlwlrq1 Wkh lqfuhdvh lq dyhudjh frvw lv sdvvhg rq wr frqvxphuv yld d kljkhu sulfh1
;lv wuxh qr pdwwhu krz forvh _ lv wr f +iurp ehorz,$ Lq rwkhu zrugv/ wkh voljkwhvw suhvhqfh ri
+xqlirup, vfdoh hfrqrplhv fdxvhv zhoiduh wr eh hyhqwxdoo| ghfolqlqj lq ? +l1h1/ iru vx!flhqwo|
o d u j hy d o x h vr i? , 1 W k hs d u d p h w h u vr iw k l vh { d p s o hf d qe hf k r v h qw rp d n h? Whtxdo dq|
ghvluhg ydoxh iurp 4 rq/ zkloh vdwlvi|lqj doo wkh xqghuo|lqj frqvwudlqwv khuh1
Wkh hfrqrplf lqwxlwlrq fdq qrz eh vwdwhg frqflvho| dqg suhflvho| vlqfh wkh pdlq uhvxowv
klqjh pdlqo| rq wkh vljq ri {'  ￿n ￿￿/ dqg vrphwlphv dovr rq wkh uhwxuqv wr vfdoh1
Iru lqgxvwu| sulfh/ wkhuh duh wzr hhfwv dw zrun/ d pdunhw ru frpshwlwlrq hhfw fdswxuhg
e| wkh whup  ￿/ dqg d surgxfwlrq ru vfdoh hhfw fdswxuhg e| ￿￿ Wkh pdunhw hhfw dozd|v
sxvkhv lq wkh lqwxlwlyh gluhfwlrq wkdw sulfh vkrxog idoo zlwk wkh qxpehu ri upv1 Wkh vfdoh
hhfw jrhv lq wkh vdph gluhfwlrq li dqg rqo| li frvwv duh frqyh{1 Zkhq frvwv duh frqfdyh/ wkh
ryhudoo rxwfrph rq sulfh lv ghwhuplqhg e| wkh uhodwlyh vwuhqjwk ri wkh wzr hhfwv1 Shu0up
surw dozd|v ehkdyh lq wkh lqwxlwlyh zd|1
Iru lqgxvwu| surwv/ wkh pdunhw hhfw sxvkhv lq wkh lqwxlwlyh gluhfwlrq li dqg rqo| li
lqgxvwu| sulfh lv zhoo0ehkdyhg + { : f,1 Wkh surgxfwlrq hhfw zrunv lq wkh lqwxlwlyh gluhfwlrq
li vfdoh hfrqrplhv duh suhvhqw1 Zkhq wkh wzr hhfwv duh dqwdjrqlvwlf/ wkh rxwfrph ghshqgv
rq wkh uhodwlyh vwuhqjwkv djdlq1
Ylhzhg dv wkh vxp ri frqvxphu dqg surgxfhu vxusoxvhv/ vrfldo zhoiduh fdq eh glvfxvvhg
rq wkh edvlv ri wkh suhylrxv dvvhvvphqwv1 Wkxv/ zlwk { : f dqg glvhfrqrplhv ri vfdoh/
frqvxphu vxusoxvh lqfuhdvhv zlwk ?/ ryhufrplqj d srvvleoh ghfuhdvh lq surgxfhu vxusoxv +wkh
odwwhu hhfw ehlqj dpeljxrxv,1 Zlwk { 	 f/ vwurqj vfdoh hfrqrplhv duh qhfhvvdulo| suhvhqw/
dqg erwk vxusoxvhv ghfuhdvh zwk ?1 Ilqdoo|/ zlwk { : f dqg hfrqrplhv ri vfdoh/ frqvxphu
vxusoxv pryhv xs dqg surgxfhu vxusoxv grzq/ zlwk dq dpeljxrxv qhw hhfw1
Lq frqfoxvlrq/ wklv h{dpsoh surylghv d plfurfrvp iru wkh hqwluh sdshu1 Lq wkh uhpdlqghu/
zh vlpso| suhvhqw d jhqhudol}dwlrq ri wkh lqvljkwv looxvwudwhg vr idu/ suhvhuylqj dqrwkhu nh|
uroh iru wklv h{dpsoh lq whvwlqj wkh wljkwqhvv ri wkh vx!flhqw frqglwlrqv jlyhq iru rxu ydulrxv
uhvxowv1 Wkh ohvv wkhruhwlfdoo|0plqghg uhdghu pd| mxps wr wkh odvw vhfwlrq iru d vxppdu| ri
wkh hfrqrplf lpsolfdwlrqv ri wkh uhvxowv/ dv frqyh|hg e| wkh Pdlq H{dpsoh1
<71 D Jhqhudo Frxuqrw Dqdo|vlv ri Lqgxvwu| Shuirupdqfh
Wklv vhfwlrq frqwdlqv wkh jhqhudo dqdo|vlv ri wkh lqwhusod| ehwzhhq pdunhw vwuxfwxuh ru
frqfhqwudwlrq dqg vfdoh hfrqrplhv lq ghwhuplqlqj lqgxvwu| shuirupdqfh dv uh hfwhg lq sulfh/
rxwsxwv/ lqgxvwu| surwv dqg vrfldo zhoiduh1 Wklv dprxqwv wr frpsdulqj Frxuqrw htxloleuld
dorqj wkhvh fkdudfwhulvwlfv dv wkh qxpehu ri upv ydulhv1 Lq dq dwwhpsw wr rewdlq wkh eurdghvw
srvvleoh xqghuvwdqglqj ri wkh lvvxhv lqyroyhg/ zh surylgh d vhulhv ri plqlpdoo| vx!flhqw
frqglwlrqv iru wkh ghvluhg frqfoxvlrqv/ frpelqhg zlwk wljkw frpsohphqwdu| h{dpsohv wr
vkhg ixuwkhu oljkw rq wkh uhodwlrqvkls ehwzhhq dvvxpswlrqv dqg frqfoxvlrqv1 Wkh surriv
frpelqh dqdo|wlfdo vlpsolflw| zlwk jhqhudolw|1 Qrqhwkhohvv/ zh vxssohphqw wkh suhvhqwdwlrq
zlwk vrph khxulvwlf dujxphqwv zkhqhyhu lw lv ihow wkh| pd| surylgh dgglwlrqdo lqvljkw1
Phwkrgrorjlfdoo|/ zh pdnh fuxfldo xvh ri wkh odwwlfh0wkhruhwlf frpsdudwlyh vwdwlfv ds0
surdfk1< Wklv doorzv iru yhu| jhqhudo frqfoxvlrqv uho|lqj rqo| rq fulwlfdoo| qhhghg dvvxps0
wlrqv/ wkhuhe| ohdglqj wr fohdq dqg wljkw hfrqrplf lqwhusuhwdwlrqv ri wkh frqfoxvlrqv/ dv zhoo
dv dqdo|wlfdo uljru1 Lq wkh suhvhqw frqwh{w/ wkh xvxdo dujxphqwv lq idyru ri wklv dssurdfk
ehfrph hyhq pruh shuwlqhqw/ dv wkh sdudphwhu ri lqwhuhvw/ wkh qxpehu ri upv/ lv dq lqwhjhu=
Vhh Dsshqgl{ iru d judsklfdo looxvwudwlrq ri pdq| lpsruwdqw ghwdlov rq wklv lvvxh143
Zkloh wkh frqglwlrq { : f lv idploldu lq Frxuqrw wkhru| dw ohdvw vlqfh Kdkq +4<95,/ lw
kdv w|slfdoo| ehhq xvhg lq frqmxqfwlrq zlwk pdq| rwkhu dvvxpswlrqv/ vxfk dv vrph irup ri
frqfdylw| ri hdfk up*v surw lq rzq rxwsxw/ ghfuhdvlqj pdujlqdo uhyhqxh/ hwf111Wkh odwwhu
dvvxpswlrqv lqwhuihuh zlwk d jrrg lqwxlwlyh xqghuvwdqglqj ri wkh hfrqrplf irufhv dw zrun/
d vw k h |d u hd o v rp d g hi r uw k hf d v h{	f 1 Dv vkrzq ehorz/ wkhuh lv d yhu| qdwxudo glylvlrq
ri wkh uhvxowv khuh/ dqg lw ghshqgv rqo| rq wkh joredo vljq ri { Wkh odwwhu kdv d yhu|
vlpsoh dqg dsshdolqj lqwhusuhwdwlrq= { : f +{ 	 f phdqv wkdw sulfh/ ru uhvlgxdo lqyhuvh
ghpdqg/ ghfuhdvhv +lqfuhdvhv, idvwhu wkdq pdujlqdo frvw1 Vlqfh 
￿ 	 f/ lw lv fohdu wkdw wkh
< Lq sduwlfxodu/ zh lqyrnh wkh jhqhudo uhvxowv ri Plojurp dqg Urehuwv +4<<3/ 4<<7,/ lq dgglwlrq wr Wrsnlv
+4<:;,1 Pruh vshfl￿f wr Frxuqrw roljrsro|/ zh exlog rq wkh uhvxowv ri Dplu +4<<9, dqg Dplu dqg Odpevrq
+5333,1 Vhh dovr PfPdqxv +4<95, dqg Urehuwv dqg Vrqqhqvfkhlq +4<:9, iru hduo| dqwhfhghqwv1
43Wkh wudglwlrqdo phwkrg edvhg rq wkh Lpsolflw Ixqfwlrq Wkhruhp dqg wkh vljqlqj ri ghulydwlyhv fdq surylgh
lqvljkw iru vshfldo fdvhv/ exw lv loo0vxlwhg iru wkh uhtxlvlwh dqdo|vlv dw kdqg1 Wkh pdlq uhdvrq lv wkdw lw uhvwv
rq dvvxpswlrqv +vxfk dv frqfdylw| dqg htxloleulxp xqltxhqhvv, wkdw qhhg qrw eh vdwlv￿hg lq rxu jhqhudo
vhwwlqj1 Ixuwkhupruh/ dv wkhvh vdph dvvxpswlrqv duh qhhghg lq doo wkh rwkhuzlvh pxwxdoo| h{foxvlyh fdvhv
ri dqdo|vlv/ wklv phwkrg suhyhqwv d wljkw lqwxlwlyh xqghuvwdqglqj ri wkh hfrqrplf irufhv ehklqg hdfk uhvxow1
Ilqdoo|/ lq wkh frqwh{w dw kdqg/ dv wkh sdudphwhu ri lqwhuhvw lv dq lqwhjhu/ wudglwlrqdo phwkrgv kdyh ixuwkhu
gudzedfnv= Vhh gh Ph}d +4<;8,/ Dplu dqg Odpevrq +5333, dqg Plojurp dqg Urehuwv +4<<7,1
43frqyh{lw| ri  lpsolhv 7 : f rq )1 Olnhzlvh/ vwurqj frqfdylw| ri  lv uhtxluhg iru { 	 f1
H{dpsohv surylghg ehorz looxvwudwh wkdw { : f fdq krog joredoo| hyhq zkhq wkh frvw ixqfwlrq
lv hyhu|zkhuh frqfdyh/ dq lpsruwdqw vxefdvh ri dqdo|vlv lq wklv sdshu1
714 Htxloleulxp Sulfh dqg Rxwsxwv
Wkh uhvxowv ri wklv vxevhfwlrq kdyh ehhq suryhg lq Dplu dqg Odpevrq +5333,1 Wkh| duh
vwdwhg khuh zlwkrxw surri/ dqg xvhg lq wkh vhtxho lq orrnlqj dw lqgxvwu| surw dqg vrfldo
zhoiduh1 Iru d pruh ghwdlohg suhvhqwdwlrq/ wkh uhdghu lv uhihuuhg wr wkh deryh sdshu1 Lq wkh
Dsshqgl{/ d judsklfdo looxvwudwlrq ri wkh qhhg iru wkh qhz frpsdudwlyh vwdwlfv lv suhvhqwhg/
zlwk wkh frqfoxvlrq wkdw rqo| h{wuhpdo htxloleuld fdq eh xqdpeljxrxvo| frpsduhg dv wkh
qxpehu ri upv ydulhv144 Iru dq| yduldeoh ri lqwhuhvw/ wkh pd{lpdo +plqlpdo, ydoxh zloo
dozd|v eh ghqrwhg e| dq xsshu +orzhu, edu1
Sursrvlwlrq 4 Ohw 7 E5c+ : f rq )1I r uh d f k?c wkhuh h{lvwv d v|pphwulf htxloleulxp dqg
qr dv|pphwulf htxloleuld1 Ohw %? eh dq h{wuhpdo Frxuqrw htxloleulxp rxwsxw1
+d,Lqgxvwu| rxwsxw 5? lv qrqghfuhdvlqj lq ?/ dqg khqfh sulfh R? lv qrqlqfuhdvlqj lq ?1
+e, %? lv qrqlqfuhdvlqj ^qrqghfuhdvlqj` lq ? li *L} lv frqfdyh ^frqyh{ dqg E  fo1
+f,Wkh fruuhvsrqglqj htxloleulxp surw Z? lv qrqlqfuhdvlqj lq ?1
Wkxv wkh Frxuqrw prgho lv txdvl0frpshwlwlyh khuh +Sduw +d,,1 Wkh ixqgdphqwdoo| qhhghg
dvvxpswlrq lv wkh vxshuprgxodulw| ri h  rq )c zklfk lv htxlydohqw wr Y2h *Y5Y+ '{:f 1
Wklv lpsolhv wkdw wkh olqh vhjphqw mrlqlqj dq| wzr srlqwv rq wkh judsk ri wkh uhdfwlrq
fruuhvsrqghqfh o r id u pp x v wk d y hdv o r s h  / zklfk phdqv wkdw/ lq uhvsrqvh wr dq
lqfuhdvh lq ulydov* rxwsxw/ d up fdq qhyhu frqwudfw lwv rxwsxw e| pruh wkdq wklv lqfuhdvh1
Lq sduwlfxodu/ wklv suhfoxghv grzqzdug mxpsv iru o +zkloh doorzlqj iru xszdug mxpsv,145
Wkh rwkhu fdvh lv fkdudfwhul}hg e| wkh dvvxpswlrq 7E5c+ 	 f/ lpso|lqj wkdw o kdv doo lwv
vorshv erxqghg deryh e| = dv wkh mrlqw rxwsxw ri wkh ulydov lv lqfuhdvhg/ d up rswlpdoo|
uhdfwv e| frqwudfwlqj lwv rxwsxw vr pxfk wkdw wkh uhvxowlqj wrwdo rxwsxw ghfuhdvhv1 Khqfh/
o lv +vwurqjo|, ghfuhdvlqj/ vr wkdw wkh uhvxowv ri Qryvkhn +4<;8, dqg Dplu +4<<9, jxdudqwhh
wkh h{lvwhqfh ri d Frxuqrw htxloleulxp146 Krzhyhu/ h{lvwhqfh ri d v|pphwulf htxloleulxp lv
44Iru xqvwdeoh htxloleuld +lq wkh vhqvh ri ehvw0uhso| Frxuqrw g|qdplfv,/ wkh sulfh frpsdudwlyh vwdwlfv lv
frxqwhu0lqwxlwlyh +dv vhhq lq wkh Dsshqgl{,/ dqg wklv zloo fduu| wkurxjk wr rwkhu uhvxowv1
45Wklv surshuw| zdv qrwlfhg dqg h{sorlwhg lq fodvvlf sdshuv e| PfPdqxv +4<95, dqg Urehuwv dqg Vrqqhq0
vfkhlq +4<:9, wr hvwdeolvk wkh h{lvwhqfh ri Frxuqrw htxloleulxp lq wkh fdvh ri v|pphwulf ￿upv zlwk frqyh{
frvw ixqfwlrqv1 Vhh Dplu +4<<9, dqg Dplu dqg Odpevrq +5333, iru ixuwkhu jhqhudol}dwlrq1
46
44qrw jxdudqwhhg iru doo ?/ xqohvv zh dvvxph lq dgglwlrq txdvl0frqfdylw| ri Ec+=v h he h o r z 1
Wr vhsdudwh wkh lvvxhv ri h{lvwhqfh dqg ri frpsdulqj htxloleuld/ zh vwdwh wkh uhvxow zlwkrxw
wklv dvvxpswlrq1 Ohw  eh wkh vxevhw ri ?*v iru zklfk d v|pphwulf htxloleulxp h{lvwv +l1h1
wkrvh ?*v iru zklfk o lqwhuvhfwv wkh olqh +*E?1,
Sursrvlwlrq 5 Ohw 7 E5c+ 	 f rq ) dqg %￿  g 1 Wkhq iru dq| jlyhq ?  2/
+d, Li ? 5 / wkhq wkh v|pphwulf htxloleulxp lv xqltxh dqg vdwlvhv= %?/ 5? dqg Z? duh
qrqlqfuhdvlqj lq ?1K h q f hR ?lv qrqghfuhdvlqj lq ?1
+e, Iru dq| 6 5  zlwk   6	? cwkh iroorzlqj lv dq htxloleulxp iru wkh ?0up roljrsro|=
Hdfk ri dq| 6 upv surgxfhv %6 zkloh wkh uhpdlqlqj E?  6 upv surgxfh qrwklqj1 Doo
wkhvh Frxuqrw htxloleuld duh lqyduldqw lq ?/ lq wkdw doo hqwhulqj upv zrxog surgxfh }hur1
+f, Qr rwkhu Frxuqrw htxloleulxp +wkdq wkrvh ri Sduwv +d, dqg +e,, fdq h{lvw1
Wkh plqlpdo dvvxpswlrq wr jhw h{lvwhqfh ri d v|pphwulf htxloleulxp iru doo ? lv wkdw E%c+
lv vwulfwo| txdvl0frqfdyh lq % iru hyhu| + 5 dfc+o/z k h u h 47 + ' 3￿d￿Efo Rwkhuzlvh/ wkh
ehvw0uhvsrqvh pd| kdyh d grzqzdug mxps zkhuh lw vnlsv ryhu wkh +*E?   olqhv iru vrph
?*v/ wkxv lpso|lqj wkh devhqfh ri d v|pphwulf htxloleulxp iru wkrvh ?*v1
715 Lqgxvwu| Surwv dqg Vrfldo Zhoiduh
Khuh/ wkh hhfwv ri dq h{rjhqrxv fkdqjh lq wkh qxpehu ri upv rq wrwdo surwv dqg vrfldo
zhoiduh duh lqyhvwljdwhg1 Prvw ri wkh uhvxowv ehorz duh vwdwhg erwk lq d orfdo dqg lq d joredo
vhqvh/ wkh odwwhu ehlqj d gluhfw frqvhtxhqfh ri wkh iruphu1 Hohphqwdu| +khxulvwlf, surriv iru
wkh joredo vwdwhphqw duh jlyhq lq wkh wh{w/ zkloh uljrurxv surriv iru wkh orfdo vwdwhphqw duh
jlyhq lq Dsshqgl{1 Zh hpskdvl}h wkdw wkh odwwhu/ zkloh qrw vwdqgdug/ qrqhwkhohvv frpelqh
jhqhudolw| zlwk vlpsolflw|$ Iru wkh vdph uhdvrqv dv ehiruh/ zh frqwlqxh wr irfxv rq wkh
wzr h{wuhpdo htxloleuld iru doo rxu uhvxowv/ dqg wr vhsdudwh wkh dqdo|vlv ri rxu frpsdudwlyh0
htxloleuld uhvxowv lqwr wzr fdvhv/ dffruglqj wr wkh joredo vljq ri {1
716 Wkh Fdvh { : f
Uhfdoo wkdw { : f joredoo| lv frqvlvwhqw zlwk erwk joredoo| lqfuhdvlqj dqg ghfuhdvlqj uhwxuqv
wr vfdoh1 Zh ehjlq zlwk wkh hhfwv ri frqfhqwudwlrq rq lqgxvwu| surwv1 Wkh orfdo vwdwhphqw
Krzhyhu/ wkhuh lv qr jxdudqwhh d sulrul wkdw wklv lqfoxghv pruh wkdq wkh prqrsro| htxloleulxp +zklfk
dozd|v h{lvwv,1
47E| o*Krvslwdo*v uxoh/ S+|,@F 3+3, @ D+3,1V r|lv wkh fxpxodwlyh rxwsxw ri wkh rwkhu ￿upv wkdw htxdwhv
sulfh dqg dyhudjh frvw zkhq wkh ￿up surgxfhv qrwklqj1 Ru | lv wkh vpdoohvw | iru zklfk u+|,@3 =
45+d, ehorz lv pruh jhqhudo wkdq wkh joredo vwdwhphqw +e,1 Wkh iruphu uhtxluhv d uljrurxv
surri/ jlyhq lq Dsshqgl{ +D4,/ zkloh wkh odwwhu lv khxulvwlfdoo| suryhg khuh zlwk d vwdqgdug
d s s u r d f k 1W k l vv h s d u d w l r qr is u r r i vd s s o l h vw rp r v wr ir x up d l qu h v x o w ve h o r z 1
Sursrvlwlrq 6 Ohw { : f rq )1 Iru wkh h{wuhpdo htxloleuld/
+d,Lqgxvwu| surw ?Z? lv joredoo| qrqlqfuhdvlqj lq ? li E lv qrqlqfuhdvlqj1
+e,?Z?  E? n  Z ? n ￿ iru dq| jlyhq ? li E?n￿
? %?n￿  E%?n￿1
Surri1 Zh suhvhqw khuh d vlpsoh khxulvwlf surri ri +d,1 Dvvxplqj ? lv d uhdo dqg ?Z? '






_? o Xvlqj wkh uvw0rughu frqglwlrq iru d v|pphwulf Frxuqrw htxloleulxp/
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_?  f iroorzv iurp ￿E%?  f dqg _5?
_?  f vlqfh { : f +Sursrvlwlrq 4d,1
Vlqfh shu0up surw Z? dozd|v idoov zlwk ?/ Sursrvlwlrq 6 dvnv zkhwkhu Z? idoov idvw
hqrxjk wr kdyh ?Z?  E? n  Z ? n￿ Lq lqwhusuhwlqj wkh sursrvlwlrq/ lw lv frqyhqlhqw wr
vhsdudwh wkh ryhudoo hhfw ri dq lqfuhdvh lq wkh qxpehu ri upv rq lqgxvwu| surwv lqwr wzr
glvwlqfw sduwv/ dv vxjjhvwhg e| wkh deryh surri1 Wkh pdunhw ru wrwdo uhyhqxh hhfw/ zklfk
pd| eh lvrodwhg e| vhwwlqj ￿ 'f / dozd|v sxvkhv lq wkh lqwxlwlyh gluhfwlrq wkdw lqgxvwu|
surwv pxvw idoo1 Rq wkh rwkhu kdqg/ wkh surgxfwlrq ru h!flhqf| hhfw jrhv lq wkh vdph
gluhfwlrq li dqg rqo| li vfdoh hfrqrplhv duh suhvhqw148
Wkh surri ri wkh uhvxow dovr pdnhv lw fohdu wkdw wkh frqfoxvlrq iroorzv zkhq erwk wkh
pdunhw dqg wkh surgxfwlrq h!flhqf| hhfwv sxvk lq wkh vdph gluhfwlrq/ zklfk vxjjhvwv wkh
frqglwlrq rq dyhudjh frvw lv vx!flhqw exw qrw qhfhvvdu|1 Lw lv qdwxudo wkhq wr dvn krz fulwlfdo
wklv dvvxpswlrq lv iru wklv frqfoxvlrq1 Wuhdwlqj wkh qxpehu ri upv dv d uhdo qxpehu/ wkh
iroorzlqj dujxphqw surylghv d vlpsoh exw lqwhuhvwlqj lqvljkw= Prqrsro| lv qhyhu wkh surw
pd{lpl}lqj pdunhw vwuxfwxuh xqghu lqfuhdvlqj dyhudjh frvw1
48E| frqwudvw/ dq q0￿up fduwho dozd|v kdv kljkhu rswlpdo sur￿w wkdq wkh wrwdo q0￿up roljrsro| sur￿w/ vlqfh
wkh fduwho/ zlwk dffhvv wr q sodqwv/ dozd|v kdv wkh rswlrq ri surgxflqj q{q dw d frvw dw prvw htxdo wr wkh
wrwdo frvw ri wkh q0￿up roljrsro|1 Wkhuh lv wkxv dq reylrxv gl￿huhqfh ehwzhhq d prqrsro| +zlwk dffhvv wr
rqh sodqw, dqg d fduwho frpsrvhg ri q lghqwlfdo ￿upv1
46Sursrvlwlrq 7 li ￿E : f/ lqgxvwu| surw lqfuhdvhv iurp prqrsro| ohyho dv wkh qxpehu ri
upv lv lqfuhdvhg voljkwo| eh|rqg ? ' 






' %￿￿E%￿ : f
Revhuyh wkdw wklv qhhg qrw phdq wkdw gxrsro| kdv kljkhu surw wkdq prqrsro|/ dv
lqgxvwu| surw pd| shdn ehwzhhq ? 'dqg ? '2 czlwk hlwkhu Z￿ ru 2Z2 dv wkh kljkhvw
ydoxh1 Wklv srlqw lv looxvwudwhg lq wkh Pdlq H{dpsoh zkhuh/ iru _	K * 2 clqgxvwu| surwv
pd| zhoo eh joredoo| ghfuhdvlqj lq wkh qxpehu ri upv/ dqg duh fhuwdlqo| ghfuhdvlqj lq ? iru
?  2 +vhh +:,,1 Wkxv/ Sursrvlwlrq 7 uholhv fuxfldoo| rq wkh qxpehu ri upv ehlqj d uhdo1
Qrqhwkhohvv/ wkh srlqw pdgh khuh lv lpsruwdqw dv lw vkrzv wkdw wkh voljkwhvw dprxqw
ri lqfuhdvlqj uhwxuqv sxvkhv wrzdug lqgxvwu| surwv wkdw duh lqfuhdvlqj lq wkh qxpehu ri
upv1 Zkhwkhu wklv hhfw dfwxdoo| vxffhhgv lq suhyhqwlqj lqgxvwu| surw iurp ehlqj joredoo|
ghfuhdvlqj lq wkh lqwhjhu qxpehu ri upv ghshqgv rq wkh vwuhqjwk ri wkh lqfuhdvlqj uhwxuqv/
dv vxjjhvwhg e| wkh Pdlq H{dpsoh1 Lqghhg/ iurp +:,/ d vx!flhqw frqglwlrq iru lqgxvwu|
surw qrw wr eh joredoo| ghfuhdvlqj lq ? lv _:K * 2 
Zh qrz wxuq wr wkh zhoiduh dqdo|vlv1 Lw fdq hdvlo| eh vkrzq wkdw %? lv wkh Sduhwr0
grplqdqw htxloleulxp iru wkh upv +l1h1/ ohdgv wr wkh odujhvw surgxfhu vxusoxv, zkloh %?
lv wkh Sduhwr0suhihuuhg htxloleulxp iru wkh frqvxphuv +l1h1 ohdgv wr wkh odujhvw frqvxphu
vxusoxv,1 Lw lv wkhq ri lqwhuhvw wr nqrz zkhwkhu wkh Frxuqrw htxloleuld duh udqnhg dffruglqj
wr wkh Pduvkdooldq phdvxuh ri vrfldo zhoiduh/ ghqhg dv
U 5
f E|_|?E5*? Lq rwkhu zrugv/
lv rqh ri wkh wzr vxusoxvhv dozd|v grplqdqwB Wkh qh{w uhvxow +surri lq Dsshqgl{ D4, vhwwohv
wklv txhvwlrq lq idyru ri frqvxphu vxusoxv1
Sursrvlwlrq 8 Ohw { : f/d q g% ?dqg %￿
? ghqrwh wzr glvwlqfw htxloleulxp shu0up rxwsxwv
zlwk fruuhvsrqglqj vrfldo zhoiduh ohyhov `? dqg ` ￿
?1L i% ?% ￿
? cwkhq `?  ` ￿
? Khqfh/ %?
lv wkh vrfldo zhoiduh pd{lpl}hu dprqj doo htxloleulxp shu0up rxwsxwv1
Dv Sursrvlwlrq 4 vkrzv/ wkh fdvh { : f lv frqvlvwhqw zlwk erwk %? lqfuhdvlqj dqg %?
ghfuhdvlqj1 Wkh lpsolfdwlrqv ri wkhvh wzr srvvlelolwlhv rq vrfldo zhoiduh duh txlwh glhuhqw/
dv uh hfwhg lq wkh qh{w uhvxow1 Dovr/ li wkh ghpdqg ixqfwlrq grhv qrw vdwlvi| hlwkhu frqglwlrq
+orj0frqfdylw| ru orj0frqyh{lw|, iurp Sursrvlwlrq 4+e,/ wkhq %? zloo jhqhudoo| qrw eh prqr0
wrqlf lq ?1 Wkxv/ lq wkh iroorzlqj uhvxow/ wkh orfdo vwdwhphqw +e, ri wkh zhoiduh uhvxow lv pruh
jhqhudo wkdq wkh joredo vwdwhphqw +d,1
47Sursrvlwlrq 9 Ohw { : f rq )1 Iru dq| ?c dw dq h{wuhpdo htxloleulxp/
+d, Vrfldo zhoiduh lv qrqghfuhdvlqj lq ? li +l, E lv qrqghfuhdvlqj dqg %?  %?n￿/r u
+ll, %?  %?n￿
+e, `?n￿  `? iru d jlyhq ? li hlwkhu rqh ri wkh iroorzlqj krogv= +l, E%?n￿  E%?/
ru +ll, %?  %?n￿1
Surri1Z hs u r y hS d u w+ d ,l qdv l p s o hk h x u l v w l fz d | /d q go h d y hw k hs u r r ir iS d u w+ e ,w r
Dsshqgl{1 Dvvxplqj glhuhqwldelolw| ri `? dqg %? zlwk uhvshfw wr ?/ dqg glhuhqwldwlqj
wkurxjk `? '
U 5?





















Iru +d,/ wkh frqfoxvlrq iroorzv iurp +44, vlqfh E5?  ￿E%? dqg _%?
_?  f Iru +e,/ wkh
frqfoxvlrq iroorzv iurp +45, vlqfh ￿E%?  f dqg _5?
_?  f +iurp { : f
Vlqfh sulfh idoov zlwk wkh qxpehu ri upv khuh/ frqvxphu vxusoxv dozd|v lqfuhdvhv1 Krz0
hyhu/ surgxfhu vxusoxv pd| d sulrul pryh hlwkhu zd|1 Vr wkh sursrvlwlrq lghqwlhv wzr
vx!flhqw frqglwlrqv +glvhfrqrplhv ri vfdoh dqg ghfuhdvlqj shu0up rxwsxw/ ru lqfuhdvlqj
shu0up rxwsxw, lpso|lqj wkdw wrwdo surw zloo qhyhu ghfuhdvh hqrxjk wr ryhufrph wkh lq0
fuhdvh lq frqvxphu zhoiduh dqg uhvxow lq orzhu vrfldo zhoiduh1 Dq dowhuqdwlyh zd| wr wklqn ri
wklv uhvxow lv dv iroorzv1 Gxh wr wkh lqfuhdvh lq lqgxvwu| rxwsxw/ wkh vxp ri frqvxphu vxusoxv
dqg lqgxvwu| uhyhqxh +l1h1 wrwdo ehqhw ru wkh wrwdo duhd xqghu wkh lqyhuvh ghpdqg xs wr wkh
htxloleulxp rxwsxw, dozd|v lqfuhdvhv zlwk wkh qxpehu ri upv1 Rq wkh rwkhu kdqg/ lqgxvwu|
frvwv pd| jr hlwkhu zd|1 Lq wklv shuvshfwlyh/ Sursrvlwlrq 9 lghqwlhv frqglwlrqv hqvxulqj
wkdw lqgxvwu| frvwv zloo qhyhu lqfuhdvh hqrxjk wr fdxvh vrfldo zhoiduh wr ryhudoo ghfuhdvh/ lq
vslwh ri wkh lqfuhdvh lq wrwdo ehqhw1
Sursrvlwlrqv 6 dqg 9/ wdnhq wrjhwkhu/ lpso| wkdw frqyhqwlrqdo zlvgrp ixoo| suhydlov iru
wkh fdvh ri frqvwdqw uhwxuqv wr vfdoh/ zklfk lv zlgho| lqyrnhg lq lqgxvwuldo rujdql}dwlrq1
Fruroodu| : Zlwk olqhdu frvw/ E%'S%c dw dq h{wuhpdo htxloleulxp/ ?Z? lv qrqlqfuhdvlqj
lq ? dqg vrfldo zhoiduh `? lv qrqghfuhdvlqj lq ?c iru doo ?
Surri1 Wklv iroorzv gluhfwo| iurp Sursrvlwlrqv 6 dqg 9/ dv dyhudjh frvw lv frqvwdqw1
48Lq wkh suhvhqfh ri vfdoh hfrqrplhv/ lw lv ri lqwhuhvw wr vkhg ixuwkhu oljkw rq wkh zhoiduh0
pd{lpl}lqj qxpehu ri upv ?W Wuhdwlqj wkh qxpehu ri upv dv d uhdo yduldeoh/ zh fdq
surylgh d khxulvwlf ghulydwlrq49 dqg dq lqwhuhvwlqj lqwhusuhwdwlrq ri ?W +fi1 +;,,
Sursrvlwlrq ; Dvvxph { : f dqg joredo vfdoh hfrqrplhv suhydlo +l1h1 ￿E  0	f
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 +46,





















E? n  ￿E 5 ?n5 ?￿￿E5?  ￿￿E%?
$ f dv ? $4 
Khqfh/ wkhuh lv vrph  odujh hqrxjk vxfk wkdw ?   ',￿
% ?
_5?
_?  ￿E5? 	0  ￿E % ? c
dqg %? : fc vr wkdw _‘?
_? 	 f iurp +47,1 Wklv vd|v `? kdv d pd{lpxp iru ?  1 Vhwwlqj
_‘?
_? 'flq +47, |lhogv  ￿E5?_5?
_? ' %?￿E%? +46, iroorzv wkhq iurp wkh reylrxv uhodwlrqv
￿E%?  E%?'% ? ￿E % ?dqg
_d￿E5?￿o
_? '  ￿E5?_5?
_? 1
Wkxv/ wkh vrfldoo| rswlpdo qxpehu ri upv kdv d vlpsoh lqwhusuhwdwlrq= Wkh odvw pdujlqdo
up wdnhq lq orzhuv lqgxvwu| sulfh e| h{dfwo| wkh glhuhqfh ehwzhhq dyhudjh dqg pdujlqdo
frvw dw wkh htxloleulxp shu0up rxwsxw1 Wklv htxdol}hv pdujlqdo vrfldo ehqhw +wkh vxp
ri frqvxphu vxusoxv dqg upv* uhyhqxhv, zlwk pdujlqdo vrfldo frvw +wkh surgxfwlrq frvwv,1
Zkloh wkh idfw wkdw wkh vrfldoo| rswlpdo qxpehu ri upv lv w|slfdoo| qlwh lq wkh suhvhqfh ri
{hg frvwv lv zhoo0nqrzq/ Sursrvlwlrq ; lv qrqhwkhohvv vrphzkdw vxusulvlqj dv lw uholhv rqo|
rq wkh voljkwhvw ohyho ri vfdoh hfrqrplhv14:
W k hq h { wh { d p s o hv k r z vw k d wl i ￿fexw ￿Ef ' fc` ?pd| eh joredoo| lqfuhdvlqj lq
?c vr wkdw ?W ' 41 Khqfh/ wkh dvvxpswlrq ￿Ef : f lq Sursrvlwlrq ; lv fuxfldoo| qhhghg=4;
49Djdlq/ wklv ghulydwlrq lv edvhg rq wkh lpsolflw ixqfwlrq wkhruhp/ zklfk fdqqrw eh mxvwl￿hg iru wkh suhvhqw
xvh/ lq ylhz ri wkh pxowlsolflw| ri htxloleuld/ dprqj rwkhu sureohpv +vhh Dsshqgl{ D41,
4:Zlwk glvhfrqrplhv ri vfdoh +ru D3+￿, A 3,/ +46, krogv zlwk d ￿ vljq lqvwhdg ri wkh @ vljq1 Lq wkh olplw dv
q $4 >erwk vlghv ri +46, duh }hur/ dv vkrxog eh wkh fdvh iru shuihfw frpshwlwlrq +uhfdoo wkdw pdujlqdo dqg
dyhudjh frvwv lqwhuvhfw dw wkh odwwhu*v plqlpxp,= Vhh Ux!q +4<:4,1
4;Wkh Pdlq H{dpsoh dovr vkrzv wkdw dq| +xqlirup, ohyho ri vfdoh hfrqrplhv/ l1h1 wkh vpdoohvw +lq devroxwh
ydoxh, g?3 >wkh frqfoxvlrq wkdw vrfldo zhoiduh joredoo| lqfuhdvhv zlwk wkh qxpehu ri ￿upv zrxog idlo dv
vkrzq e| +;,= Vhh Srlqw +e,+ll, mxvw ehorz +;,1
49H{dpsoh 51 Ohw E5'25dqg E%'%  % ￿*  /i r u%
s
f
Wkxv E%'  % 2 * dqg ￿Ef ' f Wkhuh lv d xqltxh Frxuqrw htxloleulxp zlwk
%? 'D d ?n
s
E?n  2 eo1 Lw fdq eh qxphulfdoo| yhulhg wkdw `? lv lqfuhdvlqj lq ?14<
717 Wkh fdvh { 	 f
Vwurqj hfrqrplhv ri vfdoh duh qhfhvvdu| iru { wr eh joredoo| qhjdwlyh1 Rqh ihdwxuh wkdw lv
nqrzq wr jlyh ulvh wr hfrqrplhv ri vfdoh lv wkh suhvhqfh ri +dyrlgdeoh, {hg0frvwv1 Zlwkrxw
wkhvh/ rqh qhhgv d vwurqjo| frqfdyh frvw ixqfwlrq iru { 	 f wr eh srvvleoh1
Dv h{lvwhqfh ri d v|pphwulf Frxuqrw htxloleulxp zlwk doo upv dfwlyh lv qrw jxdudqwhhg
iru doo q/ wkhuh duh wzr phdqlqjixo zd|v wr surfhhg1 Rqh lv wr dvvxph txdvl0frqfdylw| ri hdfk
surw ixqfwlrq lq rzq rxwsxw dqg uhvwruh h{lvwhqfh1 Wkh rwkhu lv wr ylhz wkh frpsdudwlyh
vwdwlfv uhvxowv dv kroglqj iru wkrvh ?*v iru zklfk wkh v|pphwulf htxloleulxp h{lvwv1
Lq ylhz ri wkh pxowlsolflw| ri Frxuqrw htxloleuld ghvfulehg lq Sursrvlwlrq 5/ iuhh hqwu|
zrxog jlyh ulvh wr hyhu| srvvleoh lqwhjhu qxpehu ri upv ehlqj dfwlyh/ zlwk doo upv surgxflqj
htxdo rxwsxwv153 Ixuwkhupruh/ wkh htxloleulxp zlwk p dfwlyh upv lv dovr d Vwdfnhoehuj
htxloleulxp ri d wzr0vwdjh jdph zkhuh wkh p upv dfw dv uvw0pryhuv dqg wkh uhvw ri wkh
upv dv vhfrqg pryhuv/ 6  ?  = Vhh Dplu dqg Odpevrq +5333, dqg Urevrq +4<<3,1
Wkh rqo| jhqhudo uhvxow rq lqgxvwu| surw zh fdq rhu khuh ylqglfdwhv wkh frqyhqwlrqdo
zlvgrp rqo| derxw prqrsro|1
Sursrvlwlrq < Ohw { 	 f rq ) Lqgxvwu| surw lv kljkhvw xqghu d prqrsro| wkdq xqghu
dq| rwkhu pdunhw vwuxfwxuh/ l1h1/ Z￿  ?Z?/ ;?
Surri1 Vlqfh wkh frvw ixqfwlrq lv frqfdyh +khqfh vxedgglwlyh,/ d vlqjoh up kdv wkh rswlrq
ri surgxflqj wkh ?0up wrwdo Frxuqrw rxwsxw 5? ' ?%? dw d frvw orzhu wkdq wkdw ri wkh
q0up roljrsro| +l1h1/ E?%?  ?E%?,i r ud q |? 1 Wkh frqfoxvlrq wkhq iroorzv1
Zkloh qr frxqwhuh{dpsoh frxog eh irxqg wr hvwdeolvk wkdw ?Z? lv qrw dozd|v ghfuhdvlqj
lq ?c wkh iroorzlqj dujxphqw vxjjhvwv wkh frqmhfwxuh pljkw eh idovh1 Wrwdo frvw lv hdvlo| vhhq
wr lqfuhdvh lq ? khuh/ exw wkh uhyhqxh sduw pryhv lq wkh frxqwhulqwxlwlyh gluhfwlrq154










53Wklv uhihuv wr wkh vxejdph0shuihfw htxloleuld ri d wzr0jdph ri hqwu| zkhuh +lq￿qlwho| pdq|, ￿upv vlpxowd0
qhrxvo| ghflgh zkhwkhu wr hqwhu ru qrw dw qr frvw lq wkh ￿uvw vwdjh/ dqg wkh hqwudqwv wkhq hqjdjh lq Frxuqrw
frpshwlwlrq lq wkh vhfrqg vwdjh xsrq revhuylqj wkh qxpehu ri hqwudqwv1 Orsh}0Fxqdw +4<<<, dqdo|vhv wkh
gl￿huhqfhv ehwzhhq wklv hqwu| surfhvv dqg wkh rqh0vwdjh yhuvlrq xvhg e| Qryvkhn +4<;3, dprqj pdq| rwkhuv1
54
4:Wkh zhoiduh frpsdudwlyh vwdwlfv lv xqdpeljxrxv khuh/ gxh wr wkh vwurqj vfdoh hfrqrplhv=
Zlwk pruh upv/ rxwsxw shu up lv vwurqjo| uhgxfhg/ uhvxowlqj lq d gudvwlf lqfuhdvh lq
dyhudjh frvw1 Wklv h!flhq| orvv ryhufrphv dq| rwkhu frxqwhuydlolqj frqvlghudwlrqv1
Sursrvlwlrq 43 Ohw { 	 f rq ) Wkhq dw wkh xqltxh v|pphwulf htxloleulxp/ vrfldo zhoiduh
`? lv qrqlqfuhdvlqj lq ?/ iru doo ?
Surri1 Wkh frqfoxvlrq iroorzv iurp +45, vlqfh ￿E%?  f dqg _5?
_?  f +iurp { 	 f
Vlqfh sulfh lqfuhdvhv zlwk wkh qxpehu ri upv khuh +Sursrvlwlrq 5d,/ frqvxphu vxusoxv
ghfuhdvhv1 Dovr/ dv dyhudjh frvw dqg htxloleulxp shu0up rxwsxw erwk ghfolqh udslgo|/ htxl0
oleulxp wrwdo surgxfwlrq frvwv lqfuhdvh udslgo| zlwk wkh qxpehu ri upv khuh1 Khqfh/ hyhq li
wrwdo surwv jr xs/ wkh lqfuhdvh zloo qhyhu eh vx!flhqw +uhfdoo dovr wkdw shu0up surw jrhv
grzq, wr ryhufrph wkh idoo lq frqvxphu vxusoxv1
Fruroodu| 44 Ohw { 	 f rq ) Wkhq prqrsro| ohdgv erwk wr wkh kljkhvw surgxfhu vxusoxv
dqg wr wkh kljkhvw frqvxphu vxusoxv ohyhov1
Surri1 Wkh wzr vwdwhphqwv iroorz uhvshfwlyho| iurp Sursrvlwlrqv < dqg 5d1
L qy l h zr iw k hf r x q w h u l q w x l w l y hq d w x u hr ip d q |r iw k hu h v x o w vl qw k hf d v h{	f clw lv qdwxudo
wr dvn zkhwkhu wkhvh uhvxowv kdyh dq| suhglfwlyh ydoxh lq ghvfulelqj lpshuihfw frpshwlwlrq lq
vrph uhdo0zruog pdunhwv155 H{shulphqwdo hylghqfh vxjjhvwv wkdw xqltxh +vwdeoh, Frxuqrw
htxloleuld duh jrrg suhglfwruv ri dfwxdo ehkdylru +Krow/ 4<;9,1 E| frqwudvw/ Fr{ dqg Zdonhu
+4<<;, uhsruw wkdw lq d v|pphwulf Frxuqrw jdph zlwk wkuhh htxloleuld/ d v|pphwulf xqvwdeoh
rqh dqg wzr erxqgdu| ru prqrsro| htxloleuld +fi1 Sursrvlwlrq 5,/ oderudwru| ehkdylru
uh hfwhg qr uhjxodu sdwwhuqv ri sod| wkdw zrxog vxssruw dq| ri wkh wkuhh htxloleuld1 Udwkhu/
sod| vhhphg wr surfhhg dorqj luuhjxodu f|fohv durxqg wkh wkuhh htxloleuld/ phdqlqj wkdw wkh
sod|huv frqwlqxrxvo| h{klelwhg odujh vzlqjv lq wkhlu rxwsxw ohyhov/ frqyh|lqj d fohdu vhqvh ri
xqvwdeoh ehkdylru1 Rq wkh rwkhu kdqg/ qrqh ri wkh Qdvk htxloleulxp uhqhphqwv iru rqh0
vkrw jdphv +vxfk dv shuihfwlrq/ surshuqhvv/ vwudwhjlf vwdelolw|/ hwf111/ vhh h1j1 Ixghqehuj dqg
Lqghhg/ li lw zhuh srvvleoh wr kdyh q{q ￿ +q .4 , { q .4 zkloh F ￿ 3 +zklfk zh nqrz lv lpsrvvleoh vlqfh
















q .4/ zkhuh wkh ￿uvw lqhtxdolw| lv iurp wkh Frxuqrw htxloleulxp
surshuw| dqg wkh vhfrqg iurp wkh idfwv wkdw S lv ghfuhdvlqj dqg q{q ￿ +q .4 , { q .4= Lw zrxog wkhq iroorz
wkdw +q .4 , ￿ q .4 ￿ q￿q= Lqgxvwu| sur￿w zrxog eh lqfuhdvlqj lq wkh qxpehu ri ￿upv$
55Ixuwkhu glvfxvvlrq derxw wklv fdvh lv surylghg lq Vhfwlrq 8 zkhuh wkh fkdudfwhulvwlfv ri wkh Frxuqrw htxl0
oleuld khuh duh lghqwl￿hg zlwk wkh rog frqfhsw ri ghvwuxfwlyh frpshwlwlrq/ dprqj rwkhu dssolfdwlrqv1
4;Wluroh/ 4<<4, fdq glvfdug Frxuqrw0xqvwdeoh htxloleuld/ dowkrxjk vrph hyroxwlrqdu| ohduqlqj
surfhvvhv fdq1 Ilqdoo|/ uhjdugohvv ri vwdelolw| surshuwlhv/ v|pphwulf Frxuqrw htxloleuld fdq
dozd|v eh uhjdughg dv irfdo +Vfkhoolqj/ 4<931,
718 K|eulg Fdvhv
Lq ylhz ri wkh ohyho ri jhqhudolw| ri rxu frqfoxvlrqv/ wkh idfw wkdw wkh hqwluh dqdo|vlv uhvwv
hvvhqwldoo| rq rqh hdvlo| fkhfnhg frqglwlrq rq wkh joredo vljq ri { lv d uhpdundeoh ihdwxuh1 Rq
wkh rwkhu kdqg/ wkhuh duh pdq| ghpdqg0frvw frpelqdwlrqv ri lqwhuhvw iru zklfk { fkdqjhv
vljqv rq lwv grpdlq= K|eulg fdvhv1 Iru wkhvh/ Frxuqrw htxloleuld zloo jhqhudoo| qrw ehkdyh lq
wkh joredoo| prqrwrqlf zd|v zh xqfryhuhg khuh1 Wkh lvvxh ri h{lvwhqfh dovr qhhgv vhsdudwh
dwwhqwlrq wkhq1 Gh Ph}d +4<;8, surylghv dq lqwhuhvwlqj k|eulg frxqwhuh{dpsoh kljkoljkwlqj
wkh glhuhqfhv ehwzhhq orfdo dqg joredo frpsdudwlyh vwdwlfv dqg vkrzlqj wkdw wuhdwlqj ?
dv d uhdo qxpehu fdq ohdg wr plvohdglqj uhvxowv1 Qrqhwkhohvv/ lq vslwh ri wkh qrqprqrwrqlf
ehkdylru ri vrph ri wkh yduldeohv ri lqwhuhvw/ vrph ri wkh lqvljkwv zh ghyhorshg fdq vwloo eh
xvhixo khuh1 Zh rhu dq h{dpsoh1
H{dpsoh 61O h w E 5 ' ￿
5 n￿ dqg E%'￿
2*L}E% n  







uJ} E% n lv txdvl0frqfdyh lq %/i r u { h g+ 1 Wkh uhdfwlrq
fxuyh lv oE+'
s
+ 2/ dqg wkh +xqltxh, Frxuqrw htxloleulxp lv jlyhq e| %? ' ￿ I
?232?n21
Vlpsoh fdofxodwlrqv vkrz wkdw zkloh %? dqg ?Z? duh ghfuhdvlqj lq ?/ iru doo ?/ 5? dqg wkxv
R? duh qrw prqrwrqlf lq ? +ghwdlov duh ohiw rxw,1
Vrfldo zhoiduh lv jlyhq e| `? '* L } E ? I
? 23 2 ? n2 n ?
2*L}E ￿ I
?232?n2 n  Lq sduwlfxodu/
`￿ ' ￿
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eSD./v rw k d w` 2*` ￿ 
Wkxv56 / ?W ' ic2j= D vrfldo sodqqhu lv lqglhuhqw +dw ohdvw xs wr 8 ghflpdov, ehwzhhq
prqrsro| dqg gxrsro| dv wkh rswlpdo fkrlfh$
81 Rq vrph Wkhruhwlfdo dqg Srolf| Lpsolfdwlrqv
Wkh uhvxowv suhvhqwhg khuh olh dw wkh khduw ri wkh prghuq wkhru| ri lqgxvwuldo rujdql}dwlrq
dqg fdq/ wr vrph h{whqw/ looxplqdwh d qxpehu ri sdvw dv zhoo dv suhvhqw wkhruhwlfdo lvvxhv
56Lq idfw/ ylhzlqj q dv d uhdo yduldeoh/ lw fdq eh vkrzq wkdw Zq lv vlqjoh0shdnhg lq q dqg dfklhyhv lwv
pd{lpxp dw q * 4=69=
4<dqg sxeolf srolf| ghedwhv1 Lq sduwlfxodu/ zh uhodwh rxu qglqjv wr wkh uhodwlrqvkls ehwzhhq
Frxuqrw rxwfrphv dqg shuihfw frpshwlwlrq/ wkh uhjxodwlrq ri hqwu|/ wkh zhoiduh frqwhqw ri
wkh Khuqgdko lqgh{/ qdwxudo prqrsro| dqg ghvwuxfwlyh frpshwlwlrq1 Vxusulvlqjo|/ wkh odwwhu
wzr qrwlrqv kdyh qrw uhdoo| ehhq olqnhg zlwk Frxuqrw wkhru| lq wkh sdvw1 Zh dwwhpsw wr oo
wklv jds ehorz1 Lq vrph fdvhv/ zh dovr suhvhqw vrph qhz uhvxowv khuh1
814 Uhodwlrqvkls wr Shuihfw Frpshwlwlrq
Ux!q +4<:4, vkrzhg wkdw li wkh qxpehu ri upv lv lqfuhdvhg zlwk {hg ghpdqg57 / Frxuqrw
htxloleuld frqyhujh wr wkh shuihfwo| frpshwlwlyh htxloleulxp xqghu joredo glvhfrqrplhv ri
vfdoh/ exw qrw xqghu joredo hfrqrplhv ri vfdoh1 Rxu frqfoxvlrqv vkhg vrph oljkw rq wklv
uhvxow e| lqglfdwlqj wkdw +l, lq wkh iruphu fdvh/ htxloleulxp zhoiduh frqyhujhv prqrwrqlfdoo|
wr uvw0ehvw zhoiduh/ dqg +ll, lq wkh odwwhu fdvh/ dowkrxjk lqgxvwu| surwv dqg shu0up rxwsxw
erwk prqrwrqlfdoo| frqyhujh wr }hur/ zhoiduh grhv qrw lqfuhdvh wr uvw0ehvw zhoiduh/ gxh wr
upv surgxflqj dw lqfuhdvlqj +dqg lq wkh olplw/ pd{lpdo, dyhudjh frvw1 Khuh uvw0ehvw zhoiduh
zrxog lqyroyh rqh up surgxflqj wkh hqwluh rxwsxw dqg sulflqj dw pdujlqdo frvw158
815 Iuhh yhuvxv Vrfldoo| Rswlpdo Hqwu|
Shuu| +4<;7,/ Pdqnlz dqg Zklqvwrq +4<;9, dqg Vx}xpxud dqg Nl|rqr +4<;:, sxw wr uhvw d
orqj0vwdqglqj eholhi wkdw iuhh0hqwu| ohdgv wr lqvx!flhqw +xquhjxodwhg, frpshwlwlrq e| vkrzlqj
wkdw wkh rssrvlwh frqfoxvlrq krogv xqghu jhqhudo dvvxpswlrqv/ xvlqj d wzr0vwdjh jdph zkhuh
upv ghflgh xsrq hqwu| lq wkh uvw shulrg/ dqg wkhq frpshwh d od Frxuqrw lq wkh vhfrqg
shulrg1 Wkh frpsdulvrq ehqfkpdun lv vhfrqg0ehvw vrfldo rswlpxp lq wkdw wkh uhjxodwru
frqwurov upv* hqwu| ghflvlrqv exw qrw wkhlu pdunhw frqgxfw1 Vx}xpxud dqg Nl|rqr +4<;:,
glhuv iurp wkh rwkhu wzr sdshuv lq wkdw frvwohvv hqwu| lv dvvxphg/ dqg wzr h{wud uhvxowv
duh hvwdeolvkhg= +l, zlwk frqyh{ frvwv/ iuhh hqwu| lv h{fhvvlyh uhodwlyh wr wkh uvw0ehvw ohyho
+zkhuh wkh uhjxodwru dovr frqwurov sulflqj ru pdunhw frqgxfw/ vhh Irrwqrwh 58,/ dqg +ll, wkh
uvw dqg vhfrqg0ehvw ohyhov ri hqwu| duh jhqhudoo| qrw frpsdudeoh1
Rxu zhoiduh uhvxowv lqglfdwh wkdw vrph ri Vx}xpxud dqg Nl|rqr*v h{fhvv hqwu| qglqjv
57Vhh Qryvkhn +4<;3, iru wkh rwkhu dssurdfk/ zkhuh ghpdqg lv uhsolfdwhg1
58Wkh sodqqhu*v remhfwlyh lv wkhq pd{i
U q{
3 S+w,gw ￿ qF+{,=q￿4 >{￿ 3j= Wkh ￿uvw0rughu frqglwlrqv duh
S+q{,@F 3+ { ,dqg {S+q{,@F + { , 1 Wkhvh lpso| wkdw pdujlqdo dqg dyhudjh frvw duh htxdo/ dv lv zhoo0nqrzq
iru d ￿uvw0ehvw vroxwlrq1 Lq sduwlfxodu/ wkh ￿uvw0ehvw qxpehu ri ￿upv lv wkhq 4 li D3 ? 3 dqg 4 li D3 A 3=
53duh qrw uhdoo| lqvwuxfwlyh/ dqg srwhqwldoo| plvohdglqj1 Lqghhg/ zlwk glvhfrqrplhv ri vfdoh/
Frxuqrw htxloleulxp zhoiduh lqfuhdvhv prqrwrqlfdoo| zlwk wkh qxpehu ri upv wr wkh uvw0
ehvw ohyho/ vr wkdw erwk wkh uvw dqg wkh vhfrqg0ehvw vrfldoo| rswlpdo qxpehuv ri upv duh
lqqlwh +uvw0ehvw zhoiduh lv/ e| ghqlwlrq/ kljkhu wkdq vhfrqg0ehvw zhoiduh1 Vhh Irrwqrwh
581, Wkh iuhh0hqwu| qxpehu ri upv lv dovr lqqlwh59 /v rw k d wdoo wkuhh hqwu| ohyhov duh
dfwxdoo| htxdo lq d wulyldo zd|1
Zlwk +vwulfw, hfrqrplhv ri vfdoh5: / wkh vhfrqg0ehvw vrfldoo| rswlpdo qxpehu ri upv lv
qlwh/ dqg htxdo wr ?W +zklfk lv 4 li { 	 fc wkh uvw0ehvw lv dozd|v 4 +vhh irrwqrwh 58,/
zkloh wkh iuhh0hqwu| qxpehu lv lqqlwh +vhh Irrwqrwh 59,1 Khqfh/ iuhh hqwu| reylrxvo| ohdgv
wr vrfldoo| h{fhvvlyh hqwu| xqghu erwk fulwhuld1 Ixuwkhupruh/ wkh ohyho ri hqwu| lv dw ohdvw
dv kljk xqghu vhfrqg0ehvw wkdq xqghu uvw0ehvw uhjxodwlrq15; Wkxv rxu uhvxowv vxevwdqwldoo|
foduli| dqg h{whqg wkh dqdo|vlv ri Vx}xpxud dqg Nl|rqr +4<;:,1
816 Wkh Khuqgdko Frqfhqwudwlrq Lqgh{ dqg Zhoiduh
Wkh Khuqgdko0Kluvfkpdq Lqgh{ +ru KKL, ri lqgxvwu| frqfhqwudwlrq/ ghqhg dv d +qrupdo0
l}hg, vxp ri wkh vtxduhv ri wkh upv* pdunhw vkduhv/ lv wkh prvw riwhq xvhg txdqwlwdwlyh
dvvhvvphqw ri lqgxvwu| frqfhqwudwlrq1 Lq sduwlfxodu/ wkh ydoxh ri wkh KKL frqvwlwxwhv wkh
sulpdu| lqglfdwru iru dqwlwuxvw dxwkrulwlhv ri pdunhw srzhu dqg ri wkh olnholkrrg ri ryhuw
ru wdflw frooxvlrq lq d jlyhq pdunhw1 Wkh KKL lv dovr rqh ri wkh pdlq hohphqwv ri wkh 4<;5
Phujhu Jxlgholqhv5< lq ghwhuplqlqj zkhwkhu d sursrvhg phujhu lv wr eh doorzhg1
Xqghuo|lqj wkh h{whqvlyh uholdqfh ri hfrqrplf odz rq wklv phdvxuh lv d ixqgdphqwdo
eholhi wkdw vrfldo zhoiduh dqg wkh KKL duh dozd|v lqyhuvho| uhodwhg +vhh h1j1 Gdqve| dqg
Zloolj/ 4<:<,1 \hw/ wklv eholhi kdv uhfhqwo| ehhq fkdoohqjhg e| wkhruhwlfdo vwxglhv edvhg
rq wkh Frxuqrw prgho1 Iduuhoo dqg Vkdslur +4<<3, hvwdeolvk wkdw/ zlwk d {hg qxpehu ri
+qrqlghqwlfdo, upv/ zkhqhyhu lqgxvwu| rxwsxw lv xqfkdqjhg irorzlqj lqglylgxdo up rxwsxw
59Wkh odwwhu iroorzv iurp wkh idfw wkdw Frxuqrw htxloleuld duh lqwhuvhfwlrqv ri u zlwk wkh ud|v |@+q￿4,> dqg
+l, wkh idfw wkdw u kdv doo lwv vorshv juhdwhu wkdq ￿4> li ￿ A 3> ru +ll, wkh idfw wkdw u lv frqwlqxrxv li d ￿up*v
sur￿w lv txdvl0frqfdyh lq rzq rxwsxw +zkhwkhu ￿ ? 3 joredoo| ru qrw,1
5:Wkhvh pd| dovr suhydlo ryhu wkh uhohydqw udqjh ri rshudwlrq uhjdugohvv ri wkh surshuwlhv ri wkh ￿yduldeoh￿
frvw ixqfwlrq lq wkh fdvh ri frvwo| hqwu| +zlwk wkh hqwu| frvw dfwlqj dv d ￿{hg frvw,1 Khqfh/ rxu frqfoxvlrqv
khuh pd| dovr dsso| zkhq hqwu| lv frvwo|1
5;Wklv lv dfwxdoo| d qhz uhvxow khuh/ dv Vx}xpxud dqg Nl|rqr dvvxph frqyh{ frvwv lq wkh frpsdulvrq ehwzhhq
wkh iuhh0hqwu| dqg wkh ￿uvw0ehvw rxwfrphv1
5<Iru vrph klvwrulfdo edfnurxqg rq wkhvh Jxlgholqhv dqg dq h{fkdqjh ri ylhzv dprqj h{shuwv/ vhh wkh
V|psrvlxp lq wkh Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ yro1 4/ 4<;:1
54fkdqjhv/ vrfldo zhoiduh dqg wkh KKL pxvw fkdqjh lq wkh vdph gluhfwlrq1 Vdodqw dqg Vkdhu
+4<<<, surylgh ixuwkhu lqvljkw lqwr wklv uhvxow lq wkh fdvh ri frqvwdqw xqlw frvwv e| vkrzlqj
wkdw erwk zhoiduh dqg wkh KKL lqfuhdvh li dqg rqo| wkh yduldqfh ri wkh xqlw frvwv lqfuhdvhv
lq d phdq0suhvhuylqj zd|1 Dovr vhh Gdxjkhw| +4<<3,1
Wkh suhvhqw sdshu vkhgv vrph ixuwkhu oljkw rq wklv lvvxh e| frqvlghulqj wkh hhfwv ri
fkdqjlqj wkh qxpehu ri upv lqvwhdg1 Jlyhq wkh v|pphwu| dvvxpswlrq/ wkh KKL zlwk ?
upv khuh lv fohduo| jlyhq e| +d frqvwdqw idfwru ri, *? Khqfh/ wkh KKL ghfuhdvhv li dqg
rqo| li wkh qxpehu ri upv lqfuhdvhv1 Rq wkh rwkhu kdqg/ rxu uhvxowv lqglfdwh wkdw lq wkh
suhvhqfh ri vfdoh hfrqrplhv +zlwk ￿ 	 f/ vrfldo zhoiduh ghfuhdvhv li wkh qxpehu ri upv
h{fhhgv vrph vrfldoo| rswlpdo ohyho ?W1 Wkxv/ erwk wkh KKL dqg zhoiduh ghfuhdvh zkhqhyhu
? lqfuhdvhv eh|rqg ?W Lq sduwlfxodu/ lq lqgxvwulhv zkhuh ?W ' /w k hw z rp h d v x u h vz r x o g
dozd|v surgxfh frq lfwlqj suhvfulswlrqv dv wkh qxpehu ri upv lqfuhdvhv1
Wklv frqfoxvlrq fohduo| vxjjhvwv wkdw wkh KKL vkrxog eh dxjphqwhg e| vrph phdvxuh
ri hfrqrplhv ri vfdoh lq wkh lqgxvwu| wkdw zrxog doorz dssursuldwh edodqflqj ehwzhhq wkh
ohjlwlpdwh ihduv ri pdunhw srzhu dqg wkh ghvluh iru surgxfwlrq h!flhqf|1
817 Frqfhqwudwlrq dqg Surwdelolw|
Rqh ri wkh prvw h{whqvlyh ghedwhv lq lqgxvwuldo rujdql}dwlrq kdv uhyroyhg durxqg wkh do0
ohjhg srvlwlyh uhodwlrqvkls ehwzhhq pdunhw frqfhqwudwlrq dqg surwv1 Zkloh wkh pdmrulw|
ylhz hqghg xs zlwk d eholhi wkdw d zhdn fruuhodwlrq h{lvwv/ wkh lvvxh uhpdlqv vrphzkdw
frqwuryhuvldo1 Lq vslwh ri wkh vlpsolflw| ri rxu iudphzrun/ rxu uhvxowv vxjjhvw qhz srvvleoh
wkhruhwlfdo h{sodqdwlrqv ri dq hohphqwdu| qdwxuh dv wr zk| wklv lvvxh wxuqhg rxw wr eh vr
frpsoh{1 Frqvlghu d wzr0vwdjh jdph ri iuhh hqwu| iroorzhg e| Frxuqrw frpshwlwlrq dprqjvw
wkh hqwudqwv1 Iluvw/ wkh srvvleoh pxowlsolflw| ri Frxuqrw htxloleuld ohdgv wr glhuhqw hqwu|
ohyhov ru glhuhqw htxloleuld iru wkh vdph hqwu| ohyho1 Hlwkhu zd|/ surwv shu0up zloo glhu1
Vhfrqg/ rxu uhvxowv frqup lq d jhqhudo zd| wkdw vfdoh hfrqrplhv vkrxog lpso| d pruh
surqrxqfhg ohyho ri wklv fruuhodwlrq +Ghpvhw}/ 4<:7/ Ghzh|/ 4<:9 dqg Odpevrq/ 4<;:,= Vlqfh
lqgxvwu| surwv lqfuhdvh zlwk frqfhqwudwlrq/ shu0up surwv lqfuhdvh dw dq lqfuhdvlqj udwh
+l1h1 Z? 
E?n￿￿
? Z?n￿ Frqyhuvho|/ li zlwk glvhfrqrplhv ri vfdoh/ zh kdyh Z? 
E?n￿￿
? Z?n￿/w k h
fruuhodwlrq ehwzhhq surwv dqg frqfhqwudwlrq lv pruh olnho| wr eh zhdn163
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55Wklug/ zlwk vwurqj vfdoh hfrqrplhv +{ 	 f,/ wkh iuhh0hqwu| qxpehu ri upv lv ixoo| lqgh0
whuplqdwh1 Lq sduwlfxodu/ zlwk qr hqwu| frvw/ dq| qxpehu ri upv lv srvvleoh lq d vxejdph0
shuihfw htxloleulxp/ wkxv ohdglqj wr pdq| srvvleoh surw ohyhov$ Srvwxodwlqj wkdw wkh dfwxdo
qxpehu ri upv lv ghwhuplqhg lq sduw e| klvwrulfdo dqg rwkhu udqgrp hyhqwv lq vxfk pdunhwv/
qr fohdu fruuhodwlrq frxog eh h{shfwhg ehwzhhq surwv dqg lqgxvwu| fkdudfwhulvwlfv1
818 Ghvwuxfwlyh Frpshwlwlrq
Ghvwuxfwlyh frpshwlwlrq zdv d uhfxuuhqw wkhph lq roghu fdvh dqg hpslulfdo vwxglhv ri uhjx0
odwhg lqgxvwulhv/ sduwlfxoduo| wkrvh lq wkh wudqvsruwdwlrq vhfwru vxfk dv udlourdg dqg wuxfnlqj
+vhh Vkdunh| +4<;5, iru d klvwrulfdo dffrxqw,1 Lw lv w|slfdoo| dvvrfldwhg zlwk d frpelqdwlrq
ri lqgxvwu| fkdudfwhulvwlfv/ vxfk dv vwurqj hfrqrplhv ri vfdoh +riwhq gxh wr odujh {hg frvwv,/
odujh surgxfwlyh fdsdflw|/ uhodwlyho| hdv| hqwu|/ dqg loo0jxlghg jryhuqphqw vxevlglhv1 Wkh
v|pswrpv ri ghvwuxfwlyh frpshwlwlrq lq vxfk lqgxvwulhv lqfoxgh kljk ohyhov ri pdunhw lq0
vwdelolw|/ h{fhvvlyh fdsdflw| dqg zlghvsuhdg sulfh glvfulplqdwlrq/ riwhq ohdglqj wr iuhtxhqw
fkdqjhv lq uhjxodwru| uhjlphv/ lqfoxglqj hqwu| uhjxodwlrq1
Vkdunh| +4<;5, ghyhorsv d frrshudwlyh jdph0wkhruhwlf dssurdfk wr prgho ghvwuxfwlyh
frpshwlwlrq/ ghqlqj lqgxvwu| vwdelolw| e| wkh qrqhpswlqhvv ri wkh fruh1 Wkh uhvxowv khuh
vxjjhvw d vlpsoh dqg qdwxudo dowhuqdwlyh zlwklq wkh qrqfrrshudwlyh sdudgljp= Lq wkh dev0
fhqfh ri dq| uhjxodwru| lqwhuihuhqfh/ ghvwuxfwlyh frpshwlwlrq fdq eh iuxlwixoo| prghoohg e|
Frxuqrw frpshwlwlrq xqghu wkh dvvxpswlrq wkdw { lv joredoo| qhjdwlyh1 Lqghhg/ lqfuhdvhv
lq frpshwlwlrq iurp dq| suh0h{lvwlqj ohyho/ lqfoxglqj lq sduwlfxodu prqrsro|/ uhvxow lq orzhu
frqvxphu zhoiduh/ shu0up surw dqg vrfldo zhoiduh1 Wkxv kljkhu frpshwlwlrq lv xqdpeljx0
rxvo| ghwulphqwdo wr doo hfrqrplf djhqwv/ zlwk hyhq xquhjxodwhg prqrsro| hphujlqj dv wkh
ehvw dprqj pdunhw rxwfrphv1 Ixuwkhupruh/ dqg pruh vwulnlqjo|/ vrph dvshfwv ri uhsruwhg
pdunhw lqvwdelolw| lq lqgxvwulhv wkrxjkw wr kdyh xqghujrqh skdvhv ri ghvwuxfwlyh frpshwl0
wlrq pd| eh lqvwuxfwlyho| olqnhg wr wkh lqghwhuplqdf| lq wkh qxpehu ri dfwlyh upv dqg wkh
xqvwdeoh qdwxuh ri wkh Frxuqrw htxloleuld +lq wkh vhqvh ri glyhujhqfh ri ehvw0uhso| g|qdplfv,/
erwk ri zklfk duh fkdudfwhulvwlfv ri wkh fdvh { joredoo| qhjdwlyh +vhh Vhfwlrq 7171,
Ixuwkhupruh/ wkuhh rwkhu lpsruwdqw idfwruv ri d pruh g|qdplf qdwxuh frqwulexwh wr wkh kljkhu fruuhodwlrq
lq wkh fdvh ri hfrqrplhv ri vfdoh= Phujhuv duh pruh olnho| wr eh vrxjkw dqg wr eh doorzhg/ hqwu| e| qhz ￿upv
lv pruh gl!fxow +lq sduwlfxodu li ￿{hg frvwv duh vl}deoh,/ dqg frooxvlrq lv wkxv pruh olnho|1
56819 Qdwxudo Prqrsro|
Iroorzlqj ydulrxv dwwhpswv/ Edxpro/ Sdq}du dqg Zloolj +4<;5, surylghg wkh qdo ghqlwlrq ri
qdwxudo prqrsro|= Dq lqgxvwu| zlwk d vxedgglwlyh frvw ixqfwlrq1 Wklv lv wkh ohdvw uhvwulfwlyh
surshuw| ri d frvw ixqfwlrq wkdw fdswxuhv wkh qrwlrq wkdw dq| dprxqw ri qdo rxwsxw lv
fkhdshu wr surgxfh e| rqh up/ ru/ lq rwkhu zrugv/ vxeglylglqj surgxfwlrq fdqqrw srvvleo|
vdyh rq frvwv1 Wklv ghqlwlrq frpsohwho| ljqruhv wkh ghpdqg vlgh ri wkh pdunhw/ zklfk lv
mxvwlhg lq oljkw ri wzr vshfldo ihdwxuhv wkdw zhuh grplqdqw lq wkh hfrqrplf vfhqh wzr ghfdghv
djr1 Wkh uvw/ uh hfwlqj wkh suhydohqw sxeolf srolf| ylhz ri wkh wlphv/ lv wkdw prqrsrolhv
duh wr eh uhjxodwhg dq|zd|/ vr wkdw pdunhw frqgxfw lv qrw uhdoo| dq lvvxh/ ohdylqj surgxfwlrq
h!flhqf| dv wkh sulpdu| frqfhuq1 Wkh vhfrqg/ d wkhruhwlfdo eholhi/ lv wkdw li dq lqgxvwu|
kdv d grzqzdug0vorslqj dyhudjh frvw fxuyh dqg wkh pdunhw lv frqwhvwdeoh/ wkh rqo| vwdeoh
frqjxudwlrq zloo lqyroyh d vlqjoh up sulflqj dw dyhudjh frvw/ uhvxowlqj lq }hur surwv1
Vxevhtxhqwo|/ d qhdu0frqvfhqvxv hphujhg/ uhfrjql}lqj wkh olplwhg uhdo0olih ydolglw| ri
frqwhvwdeoh pdunhwv64 / dqg d zdyh ri ghuhjxodwlrq ruljlqdwlqj lq wkh XV dqg wkh XN vzhsw
wkurxjk wkh lqgxvwuldol}hg zruog1 Lq ylhz ri wkh qhhg wr lqfrusrudwh wkh ghpdqg vlgh ri wkh
pdunhw qrz lq d uhylvhg ghqlwlrq ri qdwxudo prqrsro|/ wkh dqdo|vlv ri wkh suhvhqw sdshu
vxjjhvwv dq reylrxv dowhuqdwlyh= Dq xquhjxodwhg prqrsro| lv qdwxudo li vrfldo zhoiduh `? lv
pd{lpl}hg e| ? ' Dffruglqj wr rxu uhvxowv/ wklv zrxog uhtxluh vfdoh hfrqrplhv ri vx!flhqw
pdjqlwxgh ryhu wkh uhohydqw udqjh/ exw qrw qhfhvvdulo| wkdw { eh joredoo| 	 f1U h f d o ow k d w
w k hP d l qH { d p s o hv k r z vw k d w? Wfdq eh htxdo wr 4 iru dq lqgxvwu| iru zklfk { : f joredoo|1
Wklv ghqlwlrq lv fohduo| pruh uhvwulfwlyh wkdq wkh rog rqh65 /d vl wl q f r u s r u d w h vw k hp d u n h w
ru ghpdqg vlgh ri wkh lqgxvwu|1 Lq rwkhu zrugv/ lw vwulnhv d vrfldoo| rswlpdo edodqfh ehwzhhq
wkh ghwulphqwdo hhfwv ri frqfhqwudwlrq dqg wkh frvw0vdylqj hhfwv ri vl}h1
Pruh jhqhudoo|/ d qdwxudo ?W0up roljrsro| fdq eh dqdorjrxvo| ghqhg e| ?W '@ h }4 @   ?` ?1
Li { 	 f/ Sursrvlwlrq 43 lpsolhv wkdw ?W pxvw qhfhvvdulo| eh htxdo wr  Khqfh/ ?W :  lv
qrw frpsdwleoh zlwk { 	 f joredoo|1 Rq wkh rwkhu kdqg/ lw lv frpsdwleoh zlwk { : f dqg
zlwk { qrw kdylqj d xqlirup vljq rq doo lwv grpdlq1
64Lq d errn uhylhz ri Edxpro/ Sdq}du dqg Zloolj +4<;5,/ Vshqfh +4<;6, r￿huhg dq hortxhqw dffrxqw ri wkh
fxuuhqwo| suhydlolqj ylhz rq frqwhvwdeoh pdunhwv1 Kh frqfoxghv wkdw wkh ehqh￿wv ri wklv wkhru| olh lq lwv
wkrurxjk dqdo|vlv ri frvw ixqfwlrqv/ dqg qrw lq lwv hpslulfdo uhohydqfh dv d wkhru| ri pdunhw vwuxfwxuh1
65Vfdoh hfrqrplhv ri dq| pdjqlwxgh lpso| wkh vxedgglwlylw| ri wkh frvw ixqfwlrq/ exw qrw ylfh0yhuvd1
5781: Phujhu Srolf|
Sursrvlwlrq 6 vd|v wkdw zlwk vfdoh hfrqrplhv/ wkhuh duh lqgxvwu|0zlgh jdlqv wr phujhuv1
Krzhyhu/ dffruglqj wr Frxuqrw wkhru| rq phujhuv/ lq d xqlodwhudo phujhu/ wkhvh jdlqv duh
jhqhudoo| dssursuldwhg e| qrqsduwlflsdwlqj upv/ h{fhsw lq qhdu0prqrsrol}dwlrq fdvhv166
Dq lpsruwdqw dvshfw ri wkh 4<;7 uhylvlrqv ri wkh Phujhu Jxlgholqhv lv wkhlu qryho frq0
vlghudwlrq ri frvw h!flhqf|= phujhuv wkdw duh olnho| wr udlvh sulfhv zloo eh doorzhg li wkh
phujlqj upv fdq ghprqvwudwh e| fohdu dqg frqylqflqj hylghqfh wkdw wkh phujhu zloo ohdg
wr vljqlfdqw frvw vdylqjv ru h!flhqf| ehqhwv1 Lq sudfwlfh/ wklv fodxvh kdv ehhq h{sorlwhg e|
fdqglgdwh upv wr vhfxuh dssurydo e| ryhuvwdwlqj xqfhuwdlq ixwxuh frvw jdlqv1 \hw/ ljqrulqj
wkh lpsruwdqw yhulfdwlrq dqg exughq0ri0surri lvvxhv khuh/ rxu frqfoxvlrqv duh fhuwdlqo| lq
idyru ri wklv dphqgphqw wr wkh Jxlgholqhv iru lqgxvwulhv zlwk nqrzq vfdoh hfrqrplhv/ dqg
vxjjhvw wkdw wkh h{whqw ri vfdoh hfrqrplhv lq wkh lqgxvwu| vkrxog eh wdnhq lqwr dffrxqw/ dv
rssrvhg wr pruh up0vshflf fodlpv ri whfkqrorjlfdo dqg rujdql}dwlrqdo v|qhujlhv1
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hfwv ri Hqwu|/ Hfrqrphwulfd/ 7;/ 7:<07;<1
Vkdunh| +4<;5,/ Wkh Wkhru| ri Qdwxudo Prqrsro|/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdp0
eulgjh/ X1N1
Vkhuhu/ I1P1 +4<:7,/ Hfrqrplhv ri Vfdoh dqg Lqgxvwuldo Frqfhqwudwlrq/ lq Kduyh|
Jrogvfkplg hw do1/ hgv1/ Lqgxvwuldo Frqfhqwudwlrq= Wkh Qhz Ohduqlqj/ Ervwrq= Olw0
woh/ Eurzq1
Vshqfh/ P1 +4<;6,/ Frqwhvwdeoh Pdunhwv dqg wkh Wkhru| ri Lqgxvwu| Vwuxfwxuh= D
Uhylhz Duwlfoh/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 54+6,/ <;40<31
Vx}xpxud/ N1 dqg N1 Nl|rqr +4<;:,/ Hqwu| Eduulhuv dqg Hfrqrplf Zhoiduh/ Uhylhz
ri Hfrqrplf Vwxglhv/ O LY/ 48:049:1
5:Wrsnlv/ G1 +4<:;,/ Plqlpl}lqj d Vxeprgxodu Ixqfwlrq rq d Odwwlfh/ Rshudwlrqv Uh0
vhdufk/ 59/ 63806541
yrq Zhlv}dfnhu/ F1 +4<;3,/ D Zhoiduh Dqdo|vlv ri Eduulhuv wr Hqwu|/ Udqg Mrxuqdo
ri Hfrqrplfv/ 44/ 6<<07531
91 Dsshqgl{
Khuh/ zh surylgh +D4, d judsklfdo looxvwudwlrq ri wkh ehqhwv ri rxu dssurdfk wr htxloleulxp
frpsdulvrqv zkhq { : f dqg wkhuh duh pxowlsoh htxloleuld/ dqg +D5, wkh irupdo surriv1
+D4, Frpsdulqj Pxowlsoh Htxloleuld1 Wkh iroorzlqj glvfxvvlrq uhihuv wr Iljxuh 41
Zlwk { : f/ wkh uhdfwlrq fxuyh o fdq qhyhu ghfuhdvh dw d udwh odujhu wkdq 1Z l w k?upv/
wkh Frxuqrw htxloleuld duh wkh lqwhuvhfwlrqv ri wkh uhdfwlrq fxuyh zlwk wkh olqh +*E?  1
Wkh qxpehu ri htxloleuld lv wkxv 4 iru ? 'dqg ? 'e /6i r u?'2 /d q g8i r u ?' 1L wl v
hdv| wr vhh wkdw=
4, Iru wkh h{wuhpdo htxloleuld/ lqgxvwu| rxwsxw 5? lqfuhdvhv zlwk ? +wr vhh wklv/ vlpso|
gudz olqhv ri vorsh  wkurxjk wkhvh htxloleuld dqg revhuyh wkh rxwzdug vkliwv1,
5, Wkh prwlrq ri 5? lv jhqhudoo| lqghwhuplqdwh iru wkh plggoh htxloleuld vlqfh @ pd| jr wr
KcSc ru _$ Rq wkh rwkhu kdqg/ li wkhuh zhuh rqo| rqh plggoh htxloleulxp iru erwk ? '2dqg
? ' /w k h q5 ?zrxog dfwxdoo| ghfuhdvh iru wklv xqvwdeoh htxloleulxp/ vr wkdw sulfh zrxog
lqfuhdvh dv zh jr iurp 5 wr 6 upv$ Pruh jhqhudoo|/ wkh frpsdudwlyh vwdwlfv ri xqvwdeoh
htxloleuld jrhv rssrvlwh wkdw ri wkh h{wuhpdo htxloleuld1 Lq sduwlfxodu/ sulfh lqfuhdvhv zlwk
?1 Ixuwkhupruh/ vlqfh d up*v ulydov* wrwdo rxwsxw/ +?/g h f u h d v h vz l w k?dw dq xqvwdeoh
htxloleulxp/ shu0up surwv dovr lqfuhdvh zlwk ? dw vxfk htxloleuld1
6, Prvw ri wkh rwkhu frpsdulvrqv ri lqwhuhvw +lqgxvwu| surw dqg zhoiduh, ghshqg rq wkh
suhylrxv wzr srlqwv/ dv vhhq lq rxu surriv1 Wkxv/ ghdolqj rqo| zlwk wkh h{wuhpdo htxloleuld/
rqh dyrlgv d orw ri lqghwhuplqdf| lq wkh frpsdudwlyh vwdwlfv1
7, Hyhq zlwk wkh duwlidfw ri wuhdwlqj ? dv d uhdo yduldeoh/ wkh lpsolflw ixqfwlrq wkhruhp
dssurdfk fdqqrw eh mxvwlhg lq ghdolqj zlwk +vd|, _%?*_? +dgg wr wklv wkdw o qhhg qrw hyhq
eh frqwlqxrxv lq jhqhudo,1 Lq dgglwlrq/ vljqlqj _%?*_? lq k|eulg fdvhv +zkhuh { lv qrw
xqlirupo| vljqhg, fdq eh plvohdglqj +gh Ph}d/ 4<;8,1
+D5, Surriv1
S u r r ir iS u r s r v l w l r q6 e 1Ohw %? eh dq h{wuhpdo Frxuqrw htxloleulxp/ dqg frqvlghu































? %?n￿ i dE? n  % ? n￿o  E%?n￿j
' ?n￿
? Z?n￿
zkhuh wkh uvw lqhtxdolw| iroorzv iurp wkh Frxuqrw htxloleulxp surshuw|/ wkh vhfrqg iurp
wkh idfwv wkdw  lv ghfuhdvlqj dqg ?%?  E? n  % ? n￿/ dqg wkh wklug iurp wkh idfw wkdw
E?n￿
? %?n￿  E%?n￿1 Pxowlso|lqj dfurvv e| ? jlyhv wkh frqfoxvlrq1
Wkh joredo vwdwhphqw iroorzv gluhfwo| iurp wkh orfdo vwdwhphqw1
Surri ri Sursrvlwlrq 71 Zlwk 5 ghqrwlqj lqgxvwu| rxwsxw/ lqgxvwu| surw lv jlyhq e|
?E5'5 d  E 5  E 5*?o1V l q f hi r u { h g5 / ? E 5 lv lqfuhdvlqj lq ? li ￿ : fc wkh uhvxow
iroorzv iurp wkh hqyhorsh wkhruhp/ dv prqrsro| surw Z￿ '4 @   5 ￿E 5  
Surri ri Sursrvlwlrq 81 Vlqfh { : f ru  ￿E5￿￿E5+ 	 f rq )
2 ' iE5c+G+f c5+j/
wkh ixqfwlrq `E5 /
U 5





f  E |  _|  ?E5￿
?*?  d
U 5?





?  5? /v l q f h`lv frqfdyh1
'd E 5 ￿
? ￿E 5 ￿
?*?o?E%￿
?  %?
 f/v l q f h% ￿
?% ?
Wkh vhfrqg vwdwhphqw ri wkh ohppd iroorzv gluhfwo|1
S u r r ir iS u r s r v l w l r q9 e 1Wr suryh Sduw +e,+l,/ frqvlghu=
`?n￿  `? '
U 5?n￿








5? E|_|  5?n￿E%?n￿n5 ? E % ?
E 5 ? n￿  5?E5?n￿  5?n￿E%?n￿n5 ? E % ?
'5 ? n￿ dE5?n￿  E%?n￿o  5? dE5?n￿  E%?o
 5?n￿ dE5?n￿  E%?n￿o  5? dE5?n￿  E%?n￿o
'E 5 ? n￿  5?dE5 ?n￿  E%?n￿o  fc
5<zkhuh wkh uvw lqhtxdolw| iroorzv iurp wkh idfw wkdw E lv ghfuhdvlqj/ wkh vhfrqg iurp wkh
dvvxpswlrq E%?  E%?n￿/ zkloh wkh odvw iroorzv iurp wkh idfwv wkdw 5?n￿  5? +vlqfh
{ : f dqg %?n￿ lv d v|pphwulf Frxuqrw htxloleulxp1
Wr suryh Sduw +e,+ll,/ zh ehjlq zlwk wzr suholplqdu| revhuydwlrqv1 Iluvw/ wkh ixqfwlrq
T?E% /
U ?%
f E|_|?E% lv frqfdyh lq % iru hdfk ? vlqfh T ￿￿
? E%'? d ?￿E?%￿￿E%o 	 f/












E|_| n %?n￿E5?n￿ +48,
Qrz/ frqvlghu/
`?n￿  `? '
U 5?n￿




f E|_|  ?E%?

 %?n￿E5?n￿  E%?n￿n
U ?%?n￿




f E|_|  ?E%?

' Z?n￿ n T?E%?n￿  T?E%?
 Z?n￿ n T ￿
?E%?n￿E%?n￿  %?
' Z?n￿ n ?dE?%?n￿  
￿
E%?n￿oE%?n￿  %?  fc
zkhuh wkh uvw lqhtxdolw| iroorzv iurp +47,/ wkh vhfrqg iurp wkh frqfdylw| ri T? lq %/d q g
wkh odvw iurp wkh idfwv wkdw E?%?n￿  dE? n  % ? n￿o  
￿E%?n￿ dqg %?n￿  %?
Surri ri Sursrvlwlrq 431 Frqvlghu +zlwk 5?  5?n￿ khuh/ vlqfh { 	 f,=
`?  `?n￿ '
U 5?








5?n￿ E|_|  5?E%?n5 ? n￿E%?n￿
 E5?  5?n￿E5?  5?E%?n5 ? n￿E%?n￿
' 5? dE5?  E%?o  5?n￿ dE5?  E%?n￿o
 5? dE5?  E%?o  5?n￿ dE5?  E%?o
'E 5 ?5 ? n￿dE5 ?E% ?o  f
zkhuh wkh uvw lqhtxdolw| iroorzv iurp wkh idfw wkdw E lv ghfuhdvlqj/ wkh vhfrqg iurp wkh
idfwv wkdw %?  %?n￿ dqg E lv qrqlqfuhdvlqj +wkh odwwhu iroorzv vlqfh { 	 f uhtxluhv
frqfdylw| ri ,/ dqg wkh odvw iurp wkh idfw wkdw 5?  5?n￿Evlqfh { 	 f
63